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Abstract. We consider singular continuous measures on the unit
circle associated to groups of reflections in the Poincaré unit disk.
To each such measure we associate the family of orthogonal poly-
nomials on the unit circle, the corresponding difference equation
and the CMV operator, which is the unitary analog of the Jacobi
operator. We use numerical methods to describe the transition in
the spectral properties of the CMV operator when the Hausdorff
dimension of the support of the singular measure changes contin-
uously from 0 to 1.

1. Introduction

Recent developments in the theory of orthogonal polynomials on the
unit circle have emphasized the importance of a class of unitary ma-
trices called CMV matrices. These matrices can be regarded as the
unitary analog of Jacobi matrices, hence one expects many parallels
between the spectral theory of CMV matrices and of Jacobi matri-
ces/discrete Schrödinger operators. In this paper we analyze the spec-
tral properties of the CMV matrices associated to the probability mea-
sures on the unit circle corresponding to groups of reflections in the
Poincaré unit disk.

The one-dimensional discrete Schrödinger operator is a special type
of Jacobi matrix; thus, the spectral theory for discrete one-dimensional
Schrödinger operators is intimately connected to the theory of orthog-
onal polynomials on the real line. Following this analogy, we can con-
sider probability measures on the unit circle, the associated orthogonal
polynomials on the unit circle and the corresponding unitary operators.
These operators, called CMV, (as in [16] and [17]), are the unitary ana-
logues of the Jacobi operators. Of particular interest in mathematical
physics is the analysis of random CMV matrices, their spectral prop-
erties, and the distribution of their eigenvalues.
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The analysis of the eigenvalue statistics for various Hamiltonians is
a relevant method to characterize the transport properties of those
operators. The transition from the extended to the localized states is
reflected in different level statistics: repulsion between the eigenvalues
in the extended states regime and non-correlation (Poisson statistics)
in the localized regime.

A transition in the distribution of the eigenvalues of the random
CMV matrices with decaying random potentials was obtained in [5].
As conjectured for random Schrödinger operators, the random CMV
matrices exhibit a transition in the microscopic eigenvalue statistics
from no correlation (Poisson) to strong repulsion (“clock”), while at the
transitional point we obtained the circular beta ensemble of the random
matrix theory [12]. The Poisson eigenvalue statistics is obtained for
random CMV matrices C({αn}n≥0) with slowly decaying coefficients.
The Clock statistics is obtained for CMV matrices with rapidly decay-
ing coefficients, whereas the circular beta ensemble is obtained at the
critical decay.
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Figure 1. Transition in the eigenvalue statistics for
CMV matrices with random decaying coefficients: from
Poisson (left) to clock (right), via the CβE (middle). We
plot 100 points in each case.
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Figure 2. Transition in the level spacing statistics for
CMV matrices with random decaying potentials: from
Poisson (left) to clock (right), via the CβE (middle). We
plot the histogram associated to 1000 eigenvalues in each
case.

A similar transition, motivated by [6] and [7], can be observed numer-
ically for the one-dimensional Schrödinger operator with random de-
caying potentials and study their eigenvalue statistics. More precisely,
let {vn = vn(ω)}n∈Z be a sequence of independent random variables
and H = H(ω) the discrete one-dimensional Schrödinger operator on
`2(Z) with potential V = {vn}n:

(
H(ω)u

)
(n) = u(n + 1) + u(n− 1) + vn(ω)u(n)

We consider decaying random potential {vn = vn(ω)}n∈Z with ex-
pected value E {|vn(ω)|2} ≈ c

nσ . Motivated by the main theorem of [5],
we expect that:

1. for σ > 1 (fast decay), the microscopic eigenvalue statistics is
Clock;

2. for σ = 1 (critical decay), the microscopic eigenvalue statistics is
given by a beta ensemble;

3. for σ < 1 (slow decay), the microscopic eigenvalue statistics is
Poisson.

The plots in Figure 3 confirm this conjecture.

The transition Poisson-Clock at the level of microscopic eigenvalue
statistics corresponds, at the level of the bulk spectral properties, to a
transition from a pure point spectral measure to an absolutely contin-
uous spectral measure. This phenomenon agrees with recent results on
operators with clock eigenvalue statistics ([1], [8], [9]).
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Figure 3. Transition in the level spacing statistics for
one-dimensional discrete Schrödinger operators with ran-
dom decaying potentials: from Poisson to Clock. In each
case we plot the histogram associated to 6000 eigenval-
ues.

In this paper we will describe a similar transition for the eigenvalues
of the CMV matrices associated to the limiting measures of various
hyperbolic reflection groups. In Section 2 we define a class of singular
continuous measures µθ supported on the limit set of a family of hyper-
bolic reflection groups. In Section 3, where we describe an algorithm
for computing the Hausdorff dimension of the support of µθ and its
moments. We conclude with Section 4, where we present a numerical
analysis of the spectrum and the eigenvalue distribution of the CMV
matrices Cθ associated to the measures µθ.

Acknowledgements. We would like to thank John Parker, Mark
Pollicott, and Scott Thompson for useful comments and suggestions.

2. A Measure on the Limit Set of Hyperbolic Reflection
Groups

Our main model of the hyperbolic plane is the Poincaré unit disk
D = {z ∈ C | |z| < 1} with its hyperbolic distance function d, given
explicitely, e.g., in [2, Section 7.2]. Geodesics are Euclidean circular
arcs, meeting the boundary ∂D perpendicularly. For a given geodesic
C ⊂ D, the hyperbolic reflection in g is denoted by ρg : D → D. This
map coincides with the restriction (to D) of the Euclidean inversion in
the circle containing the geodesic g. Therefore, if eiα, eiβ ∈ ∂D are the
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end-points of g and α < β < α + π, then

ρg(z) =
r2

z̄ − z̄0

+ z0 (1)

with z0 = 1
cos γ

ei α+β
2 , r = tan γ and γ = β−α

2
.

We associate to finitely many pairwise disjoint non-nested geodesics
g1, g2, . . . , gk ⊂ D the discrete group Γ = Γg1,...,gk

generated by the re-
flections rgi

. The geodesics are called non-nested if, after a re-enumeration,
the end-points eα2i−1 , eα2i of gi satisfy α1 < α2 ≤ α3 < α4 ≤ · · · < α2k ≤
α1 + 2π. The closed circular arcs Ci = C

(0)
i = {eiα | α2i−1 ≤ α ≤ α2i}

are called cells of generation 0 of the reflection group Γ.
Γ acts on D by hyperbolic isometries. This action extends to the

boundary ∂D. The limit set of Γ is given by Λ(Γ) = Γ · p ∩ ∂D (which
is independent of p ∈ D). Λ(Γ) is a Γ-invariant subset of ∂D. Γ is
called non-elementary, if Λ(Γ) contains more than two points, which
is the case if k ≥ 3. Henceforth, we assume that k ≥ 3. If the end
points of the geodesics gl are pairwise disjoint, the limit set Λ(Γ) has
a Cantor-like structure. This can be seen by the following recursive

definition of cells of generation n: Let C
(n)
1 , . . . , C

(n)
N denote the cells

of generation n. Then the cells of generation n + 1 are obtained as the

reflections of all cells C
(n)
j , which lie outside the cell C

(0)
i , via ρgl

, for
l = 1, . . . , k. Obviously, every cell of generation n contains k disjoint
cells of generation n + 1, and Λ(Γ) coincides with

⋂
n∈NC(n), where

C(n) is the union of all cells of generation n.
A Γ-invariant conformal density of dimension δ ≥ 0 is a finite positive

measure µ = µΓ on Λ(Γ) satisfying, for all γ ∈ Γ,

µ(γ(A)) =

∫

A

|γ′(z)|δdµ, (2)

where γ′ denotes the ordinary derivative of the map γ : ∂D→ ∂D with
respect to the spherical metric (i.e., angle metric in radians). This
means that µ behaves like a δ-dimensional Hausdorff measures.

Many properties of conformal densities are derived from the follow-
ing explicit construction, due to Patterson [14] and Sullivan [19, 20].
Let Γ0 ⊂ Γ be the index two subgroup of orientation preserving isome-
tries (compositions of an even number of reflections) and gs(x, y) =∑

γ∈Γ0
e−sd(x,γy). Then there is a critical exponent δ = δ(Γ), indepen-

dent of x, y ∈ D, such that gs(x, y) is convergent for s > δ and divergent
for s < δ. Let

µs =
1

gs(y, y)

∑
γ∈Γ0

e−sd(x,γy)δγy, (3)
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where δz denotes the Dirac delta measure at z. Since Γ0 is geometrically
finite, gs(x, y) diverges also at s = δ (see [13, Theorem 9.31]). By
Helly’s Theorem, there are weak limits of µsj

for certain sequences
sj ↘ δ and, because of the above mentioned divergence at the critical
exponent, each such weak limit is supported on the boundary ∂D. For
the following further results we refer to [13, Chapter 9] or to the original
articles of Patterson and Sullivan:

• Every weak limit is supported on Λ(Γ).
• Every weak limit at x = 0 satisfies the transformation rule (2)

(and is therefore a Γ -invariant conformal density); if we choose
x = y = 0, all weak limits are probability measures.

• There is only one conformal density µ of dimension δ, up to
scaling (this follows from the ergodicity of Γ on ∂D relative to
the measure class of any conformal density).

• The conformal density µ has no point masses.
• The critical exponent coincides with the Hausdorff dimension

of Λ(Γ).

Next, we consider the special example “Symmetric pairs of pants”,
introduced by McMullen [11]: For 0 < θ ≤ 2π

3
, let g1, g2, g3 be three

geodesics, symmetrically placed with respect to the origin of D, such
that the corresponding three cells C1, C2, C3 of generation 0 are arcs of
angle θ (the cell C2 is bisected by the point 1 ∈ ∂D). Let Γθ denote the
corresponding reflection group and Λθ the corresponding limit set. See
[11] for the graph of the Hausdorff dimension θ 7→ δ(Γθ) = H.dim(Λθ).
Let µθ be the unique normalized conformal density of Γθ.
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Figure 4. The reflection group generated by Mc-
Mullen’s three circle family for θ = 5π

9
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The family {µθ}0<θ< 2π
3

represents a continuous transition (via sin-

gular continuous measures) from the purely atomic measure µ0 :=
1
3
(δz1 + δz2 + δz3) with zk = e(k−2) 2π

3
i to the normalized Lebesgue mea-

sure µ 2π
3

= λ:

Proposition 2.1. Let θn, θ ∈ [0, 2π
3

] and θn → θ. Then the conformal
densities µθn converge weakly to µθ.

Proof. The weak convergence in the special case θ = 0 follows from the
symmetry of the configuration and the fact that the cells C1, C2, C3

shrink to the points z1, z2, z3, as θn → 0. The proof of [11, Theorem
3.1] implies besides continuity of the Hausdorff dimension also the weak
convergence of the normalized conformal densities (see [10, Theorem
1.4]) in the case θ 6= 0. If θ = 2π

3
, the subgroup Γ0 is a finitely gen-

erated Fuchsian group of the first kind. As noted at the end of [14],
the corresponding conformal density µ 2π

3
agrees with the normalized

Lebesgue measure λ. ¤

3. Algorithm for Computing Hausdorff Dimension,
Weights of Cells and Moments

In this section we describe McMullen’s eigenvalue algorithm from
[11], which provides a numerical method for approximating the Haus-
dorff dimension of the limiting set Λθ associated to the reflection group
Γθ corresponding to the “Symmetric pairs of pants” for the angle
θ ∈ (0, 2π

3
) described in the previous section. We improve the algo-

rithm in order to obtain better approximations (error ≈ 10−30) for the
Hausdorff dimension. This precision is necessary in order to perform
the numerical spectral analysis of the CMV matrices associated to the
measures µθ. We also explain how this algorithm provides a method
for approximating the measure µθ and its moments.

Let us fix an angle θ ∈ (0, 2π
3

). As explained in the previous section,
we start with generation 0: three geodesics g1, g2, and g3 placed sym-
metrically around the circle. Their corresponding cells C1, C2, and C3

are arcs of angle θ centered at e−
2π
3

i, 1, and e
2π
3

i. We denote by ρi the
reflection with respect to gi (i = 1, 2, 3). Generation 1 consists of 6
geodesics g12, g13, g21, g23, g31, and g32 such that ρi(gij) = gj for any
1 ≤ i, j ≤ 3 such that i 6= j. We relabel the geodesics from this gener-
ation g1, g2, g3, g4, g5, and g6 and repeat the procedure. In generation
n we obtain 3 · 2n geodesics g1, g2, . . ., g3·2n . The geodesics gij from
generation (n + 1) are obtained from ρi(gij) = gj for 1 ≤ i ≤ 3 and
1 ≤ j ≤ 3 · 2n such that Ci ∩ gj = ∅. We relabel these geodesics g1, g2,
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. . ., g3·2n+1 and repeat the procedure to obtain the generation (n + 2)
of geodesics.

Using the same procedure, we generate points in each arc corre-
sponding to a generation-n geodesic gi (1 ≤ i ≤ 3 · 2n). We start with
three points zi ∈ Ci, 1 ≤ i ≤ 3; the set {z1, z2, z3} is generation 0.
We define 6 points in generation 1: z12, z13, z21, z23, z31, and z32 such
that ρi(zij) = zj for any 1 ≤ i, j ≤ 3 such that i 6= j. We relabel the
points from this generation z1, z2, z3, z4, z5, and z6 and repeat the
procedure. In generation n we obtain 3 · 2n points z1, z2, . . ., z3·2n .
The points zij from generation (n + 1) are obtained from ρi(zij) = zj

for 1 ≤ i ≤ 3 and 1 ≤ j ≤ 3 · 2n such that zj /∈ Ci. We relabel
these points z1, z2, . . . , z3·2n+1 and repeat the procedure to obtain the
generation (n + 2) of points.

Therefore in generation n we get 3 · 2n points zij. We consider the
transition matrix T ∈ Mat3·2n×3·2n(C) defined by Tij = |ρ′i(zij)|−1 for
any i, j such that zj /∈ Ci and Tij = 0 otherwise. Using Section 2
in [11], we define α(n) to be the unique positive number such that
λ(T α(n)) = 1, where λ(T α) denotes the spectral radius of the matrix
Tα. The matrix elements of this matrix are obtained by raising each
entry of T to power α: (Tα)ij = T α

ij . Then

lim
n→∞

α(n) = H.dim(Λθ) (4)

Moreover, the entries of the normalized Perron-Frobenius eigenvector
associated to the nonnegative matrix Tα(n) (with the largest eigenvalue
1) are the weights of the corresponding 3 ·2n cells defined in generation
n. Thus, one can defines a probability measure µn

θ supported on the
cells associated to the geodesics from generation n; the sequence µn

θ

converges weakly to µθ.
In [15] we present an efficient algorithm for approximating the Haus-

dorff dimension α(θ) of the set Λθ via the approximations α(n). The
algorithm is based on a careful arrangement of the 3 · 2n cells from
generation n and a combination of the power method for finding the
Perron-Frobenius eigenvector and the bisection method for obtaining
the approximation of the Hausdorff dimension α with the desired pre-
cision. Using this method we are able to approximate α(θ) with very
good precision (error ≈ 10−30):
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Angle θ (in degrees) α(θ) = Hausdorff dimension of Λθ

0 0.00000000000000000000000000000
10 0.11600944778617663747082865262
20 0.15118368203822075169122305922
30 0.18398306124833918694117818431
40 0.21776581025463001217722392393
50 0.25438289832389822256892055021
60 0.29554647988904080826448492725
70 0.34333399783359269399961502109
80 0.40067612755882685166614065221
90 0.47218912788210556616394926496
100 0.56609805081992862445555013291
110 0.70055063165213127375015834183
120 1.00000000000000000000000000000

Our result for θ = π
6

agrees with the one computed by Jenkinson and
Pollicott [4]. Their paper gives a different, very complex algorithm for
computing the Hausdorff dimensions α(θ) with high precision.

Using the previous algorithm, we can also find the moments mθ(n)
of the measure µθ. The symmetry of the original cells cells C1, C2, and
C3 implies that

mθ(3k) = mθ(3k + 2) = 0 (5)

If {zi}, 1 ≤ i ≤ 3 · 2n are the the points obtained in the n-th gener-
ation using the previous recursion and (v1, v2, . . . , v3·2n)T is the posi-
tive Perron-Frobenius eigenvector associated T α(θ), the eigenvalue al-
gorithm gives the following formula for approximating the nonzero mo-
ments:

mθ(3k + 1) = lim
n→∞

6
2n−1∑
i=1

vi cos[3 k z3·2n−1+i] (6)

This proposition allows us to plot the moments of the measures µθ

(see Figure 5).
We observe an interesting transition from patterns with rare oscilla-

tions and large amplitudes (for small angles θ) to patterns with very
dense oscillations and small amplitudes (for large angles θ).
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Figure 5. Plots of the nonzero moments mθ(3k + 1),
1 ≤ k ≤ 1000 of the measure µθ for θ = π

6
(first line,

left), θ = π
3

(first line, right), θ = 5π
9

(second line, left)
and θ = 119π

180
(second line, right).

4. The CMV Operators Associated the Hyperbolic
Reflection Groups and the Distribution of Their

Eigenvalues

A 2002 paper of Cantero, Moral and Velázquez [3] emphasized the
importance of a new class of unitary matrices called now CMV ma-
trices. The characteristic polynomials of the finite truncations of the
CMV matrices with spectral measure µ are the orthogonal polynomi-
als on the unit circle associated to the measure µ (see for example
the monographs [16], [17], and the review article [18]). This fact pro-
vides an immediate connection between the spectral theory for CMV
matrices and the orthogonal polynomials on the unit circle.

The CMV matrix is a five-diagonal matrix realization for the uni-
tary operator z → zf(z) on L2(T; µ), where µ is a non-trivial prob-
ability measure on the unit circle T (we call a measure non-trivial if
it is not supported on finitely many points). For any such measure µ
we can apply the Gram-Schmidt procedure to the set of polynomials
{1, z, z2, . . .} ∈ L2(T, µ) and get the set of monic orthogonal polyno-
mials {Φ0(z, dµ), Φ1(z, dµ), Φ2(z, dµ), . . . } ∈ L2(T; µ).

These polynomials obey the recurrence relation

Φk+1(z, dµ) = zΦk(z, dµ)− αkΦ
∗
k(z, dµ) k ≥ 0 (7)
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where, for Φk(z) =
∑k

j=0 bjz
j, the reversed polynomial Φ∗

k(z) is defined

by Φ∗
k(z) =

∑k
j=0 bk−jz

j. The recurrence coefficients {αn}n≥0 are called
Verblunsky coefficients; they are complex numbers of absolute value
< 1.

If we apply the Gram-Schmidt algorithm to the sequence {1, z, z−1,
z2, z−2, . . .} we get the set of functions {χ0(z), χ1(z), χ2(z), . . . }, which
is a basis of L2(T; µ). The CMV matrix associated to the measure µ
is the matrix representation of the operator f(z) → zf(z) on L2(T; µ).
It has the form:

C =




ᾱ0 ᾱ1ρ0 ρ1ρ0 0 0 . . .
ρ0 −ᾱ1α0 −ρ1α0 0 0 . . .
0 ᾱ2ρ1 −ᾱ2α1 ᾱ3ρ2 ρ3ρ2 . . .
0 ρ2ρ1 −ρ2α1 −ᾱ3α2 −ρ3α2 . . .
0 0 0 ᾱ4ρ3 −ᾱ4α3 . . .
. . . . . . . . . . . . . . . . . .




(8)

where ρk =
√

1− |αk|2
Note that the Jacobi matrices obtained in a similar way for orthog-

onal polynomials on the real line are tri-diagonal matrices. As in the
case of orthogonal polynomials on the real line, an important connec-
tion between CMV matrices and monic orthogonal polynomials is

Φn(z) = det(zI − C(n)) (9)

where C(n) is the upper left n× n corner of C.
If |αn−1| = 1, then the CMV matrix decouples between (n − 1)

and n. The upper left corner is an (n × n) unitary matrix C(n) =
C(n)(α0, α1, . . . , αn−1) and we have C = C(n)⊕C̃, where C̃ = C̃(αn, αn+1, . . .)
is an (infinite) CMV matrix.

Using the moments mθ(n), which can be approximated with high
precision using the algorithm outlined in the previous section, we can
construct the orthogonal polynomials Φn(z) = Φn(z, θ) associated to
the measure µθ. The Verblunsky coefficients {αn = αn(θ)} are obtained
from

αn = −φn+1(0) (10)

We can then write the CMV matrix C = Cθ(α0, α1, . . .). For any
positive integer n we choose a complex number αn such that |αn| = 1,
which gives a unitary n × n matrix C(n). We can plot the eigenvalues
of C(n) for various values of θ and get plots that show the transition
towards strong repulsion of the eigenvalues (Clock distribution) as θ →
2π
3

.
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Figure 6. Plots of the eigenvalues of the CMV matrix
Cθ for θ = π

18
(left), θ = 5π

9
(middle) and θ = 119π

180
(right).

The universality of the clock eigenvalue distribution was obtained
for orthogonal polynomials on the real line [9] and for ergodic Jacobi
matrices with absolutely continuous spectrum [1]. We presented here
numerical evidence for the transition towards clock eigenvalue distri-
bution for a class of unitary matrices with singular continuous spectral
measures. We expect that this phenomenon holds in most cases where
one considers operators associated families of measures that interpolate
between pure point measures and absolutely continuous measures.
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