THE STATISTICAL DISTRIBUTION OF THE ZEROS
OF RANDOM PARAORTHOGONAL POLYNOMIALS
ON THE UNIT CIRCLE

MIHAI STOICIU

ABSTRACT. We consider polynomials on the unit circle defined by
the recurrence relation
Dpy1(2) = 2Pp(2) — @ Py (2) k>0, ®;=1

For each n we take ag, aq,...,a,_s i.i.d. random variables dis-
tributed uniformly in a disk of radius r < 1 and «,_; another
random variable independent of the previous ones and distributed
uniformly on the unit circle. The previous recurrence relation gives
a sequence of random paraorthogonal polynomials {®,,},>0. For
any n, the zeros of ®,, are n random points on the unit circle.

We prove that for any e € 0D the distribution of the zeros
of @, in intervals of size O() near € is the same as the distri-
bution of n independent random points uniformly distributed on
the unit circle (i.e., Poisson). This means that, for large n, there
is no local correlation between the zeros of the considered random
paraorthogonal polynomials.

1. INTRODUCTION

In this paper we study the statistical distribution of the zeros of
paraorthogonal polynomials on the unit circle. In order to introduce
and motivate these polynomials, we will first review a few aspects of
the standard theory. Complete references for both the classical and the
spectral theory of orthogonal polynomials on the unit circle are Simon
[22] and [23].

One of the central results in this theory is Verblunsky’s theorem,
which states that there is a one-one and onto map pu — {ay, }n>o from
the set of nontrivial (i.e., not supported on a finite set) probability
measures on the unit circle and sequence of complex numbers {a;, },>0
with |a,| < 1 for any n. The correspondence is given by the recurrence
relation obeyed by orthogonal polynomials on the unit circle. Thus,
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if we apply the Gram-Schmidt procedure to the sequence of polyno-
mials 1,2,2%,... € L*(0D,du), the polynomials obtained ®y(z,dpu),
Oy (2,du), Po(z,dpu) ... obey the recurrence relation

O i1(z,dp) = 2Pk (2, dp) — Py (2, du) k>0 (1.1)

where for ®(z,du) = Z?:o b;27, the reversed polynomial @} is given
by ®i(z,du) = Z?:o by_;2’. The numbers ay, from (1.1) obey || < 1
and, for any k, the zeros of the polynomial &y q(z,du) lie inside the
unit disk.

If, for a fixed n, we take ag,aq,...,a, 2 € D and a,,_ 1 = 3 € ID
and we use the recurrence relations (1.1) to define the polynomials
by, Py,...,P, 1, then the zeros of the polynomial

CIDn(z,d,u,ﬁ) = Z(I)n_1<Z7d,u) _Bq):,—l(za d:u) (12)

are simple and situated on the unit circle. These polynomials (obtained
by taking the last Verblunsky coefficient on the unit circle) are called
paraorthogonal polynomials and were analyzed in [12], [14]; see also
Chapter 2 in Simon [22].

For any n, we will consider random Verblunsky coefficients by taking
ap, A1, . . ., o to be i.i.d. random variables distributed uniformly in
a disk of fixed radius r < 1 and «,,_; another random variable indepen-
dent of the previous ones and distributed uniformly on the unit circle.
Following the procedure mentioned before, we will get a sequence of
random paraorthogonal polynomials {®,, = &, (2, du, 5)}n>0. For any
n, the zeros of ®, are n random points on the unit circle. Let us
consider

¢ =3 0, (1.3)
k=1

where 2\, 2{" . 2% are the zeros of the polynomial ®,,. Let us also

fix a point ¢ € . We will prove that the distribution of the zeros
of @, on intervals of length O(%) situated near ¢ is the same as the
distribution of n independent random points uniformly distributed in
the unit circle (i.e., Poisson).

A collection of random points on the unit circle is sometimes called
a point process on the unit circle. Therefore a reformulation of this
problem can be: The limit of the sequence point process {(,}n>0 on a
fine scale (of order O(+)) near a point € is a Poisson point process.
This result is illustrated by the following generic plot of the zeros of
random paraorthogonal polynomials:
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This Mathematica plot represents the zeros of a paraorthogonal poly-
nomial of degree 71 obtained by randomly taking ag, aq, ..., ag from
the uniform distribution on the disk centered at the origin of radius %
and random «ryy from the uniform distribution on the unit circle. On
a fine scale we can observe some clumps, which suggests the Poisson
distribution.

Similar results appeared in the mathematical literature for the case
of random Schrddinger operators; see Molchanov [20] and Minami [19].
The study of the spectrum of random Schrédinger operators and of
the distribution of the eigenvalues was initiated by the very important
paper of Anderson [4], who showed that certain random lattices exhibit
absence of diffusion. Rigorous mathematical proofs of the Anderson
localization were given by Goldsheid-Molchanov-Pastur [11] for one-
dimensional models and by Frohlich-Spencer [10] for multidimensional
Schrédinger operators. Several other proofs, containing improvements
and simplifications, were published later. We will only mention here
Aizenman-Molchanov [1] and Simon-Wolff [25], which are relevant for
our approach. In the case of the unit circle, similar localization results
were obtained by Teplyaev [26] and by Golinskii-Nevai [13].

In addition to the phenomenon of localization, one can also ana-
lyze the local structure of the spectrum. It turns out that there is
no repulsion between the energy levels of the Schrodinger operator.
This was shown by Molchanov [20] for a model of the one-dimensional
Schrédinger operator studied by the Russian school. The case of the
multidimensional discrete Schrodinger operator was analyzed by Mi-
nami in [19]. In both cases the authors proved that the statistical
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distribution of the eigenvalues converges locally to a stationary Pois-
son point process. This means that there is no correlation between
eigenvalues.

We will prove a similar result on the unit circle. For any probability
measure du on the unit circle, we denote by {xo, X1, X2, - - -} the basis of
L?(0D, du) obtained from {1, z, 27, 2%, 272 ...} by applying the Gram-
Schmidt procedure. The matrix representation of the operator f(z) —
2f(z) on L?(0D, dp) with respect to the basis {xo, X1, X2, - - -} is a five-
diagonal matrix of the form:

Qg Qipo  P1pPo 0 0
Po —O_élOé(] — P10 0 0 ..
c— 0  aopr  —apay  Qzpa p3p2 ... (1.4)
0 pap1 —pey —Qzan  —p3an
0 0 0 5[4p3 —Qiy Qg
(v, @y, . .. are the Verblunsky coefficients associated to the measure p,

and for any n > 0, p, = y/1 — |a,|?). This matrix representation is a
recent discovery of Cantero, Moral, and Veldsquez [6]. The matrix C is
called the CMV matrix and will be used in the study of the distribution
of the zeros of the paraorthogonal polynomials.

Notice that if one of the a’s is of absolute value 1, then the Gram-
Schmidt process ends and the CMV matrix decouples. In our case,
|a—1] = 1, s0 pp—1 = 0 and therefore the CMV matrix decouples be-
tween (n — 1) and n and the upper left corner is an (n x n) unitary
matrix C™. The advantage of considering this matrix is that the zeros
of ®, are exactly the eigenvalues of the matrix C™ (see, e.g., Simon
[22]). We will use some techniques from the spectral theory of the
discrete Schrodinger operators to study the distribution of these eigen-
values, especially ideas and methods developed in [1], [2], [9], [19], [20],
[21]. However, our model on the unit circle has many different features
compared to the discrete Schrodinger operator (perhaps the most im-
portant one is that we have to consider unitary operators on the unit
circle instead of self-adjoint operators on the real line). Therefore, we
will have to use new ideas and techniques that work for this situation.

The final goal is the following;:

Theorem 1.1. Consider the random polynomials on the unit circle
given by the following recurrence relations:

Dy i1(2) = 2Pp(2) — @ Pr(2) k>0, Oy =1 (1.5)
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where ag, iy, . .., Qo are i.i.d. random variables distributed uniformly
n a disk of radius r < 1 and oy, is another random variable indepen-
dent of the previous ones and uniformly distributed on the unit circle.

Consider the space Q = {a = (ag, a1, ..., 0n_9,0n_1) € D(0,r) X
D(0,7)x ---x D(0,r) x ID} with the probability measure P obtained by
taking the product of the uniform (Lebesgue) measures on each D(0,1)
and on OD. Fiz a point €% € D and let (™ be the point process defined
by (1.9).

Then, on a fine scale (of order %) near %, the point process () con-

verges to the Poisson point process with intensity measure n % (where

2
% is the normalized Lebesque measure). This means that for any fived
a; < by < ay < by < --- < a,, < by, and any nonnegative integers

ki, ks, ..., k,,, we have:
B (09 (+ 550 0o S) g, o (e gl )

(pran (1 — @)™ o~ (m—ar) (O — )"
k! T
(1.6)

as n — Q.

2. OUTLINE OF THE PROOF

From now on we will work under the hypotheses of Theorem 1.1. We
will study the statistical distribution of the eigenvalues of the random
CMV matrices

¢ =cm (2.1)

for av € Q2 (with the space Q defined in Theorem 1.1).

A first step in the study of the spectrum of random CMV matrix is
proving the exponential decay of the fractional moments of the resol-
vent of the CMV matrix. These ideas were developed in the case of
Anderson models by Aizenman-Molchanov [1] and by Aizenman et al.
[2]. In the case of Anderson models, they provide a powerful method for
proving spectral localization, dynamical localization, and the absence
of level repulsion.

Before we state the Aizenman-Molchanov bounds, we have to make
a few remarks on the boundary behavior of the matrix elements of the
resolvent of the CMV matrix. For any z € D and any 0 < k,[ < (n—1),
we will use the following notation:

Cc(yn) + z
Fu(z,C{") = o (2.2)
Coa’ — 2]y
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As we will see in the next section, using properties of Carathéodory
functions, we will get that for any a € €2, the radial limit

Fru(e® c™) = lim Fr(ret c™) (2.3)

e

exists for Lebesgue almost every ¢ € D and Fy(-,C") € L*(oD)
for any s € (0,1). Since the distributions of ag,aq,...,q, 1 are ro-
tationally invariant, we obtain that for any fixed ¢ € 0D, the radial
limit Fiy(e??, CS") exists for almost every a € Q. We can also define

1
)y — |~
Culz €7 = {Cc(yn) — Z:|kl 24)
and
Gr(e?,c™) = ligl Gr(re? ,c™) (2.5)

Using the previous notation we have:

Theorem 2.1 (Aizenman-Molchanov Bounds for the Resolvent of the
CMV Matrix). For the model considered in Theorem 1.1 and for any
s € (0,1), there exist constants Cy, Dy > 0 such that for any n > 0,
any k1, 0 < k,1<n—1 and any €? € 0D, we have:

B(Rincof) et oo

where C™ is the (n x n) CMV matriz obtained for ag, vy, . . . Qo uni-
formly distributed in D(0,r) and o, uniformly distributed in OD.

Using Theorem 2.1, we will then be able to control the structure of
the eigenfunctions of the matrix C™.

Theorem 2.2 (The Localized Structure of the Eigenfunctions). For
the model considered in Theorem 1.1, the eigenfunctions of the random
matrices C™) = Cc(yn) are exponentially localized with probability 1, that
is exponentially small outside sets of size proportional to (Inn). This
means that there exists a constant Dy > 0 and for almost every a € €,
there exists a constant C, > 0 such that for any unitary eigenfunction
o there exists a point m(cp&n)) (1< m(ap&n)) < n) with the property
that for any m,|m — m(go&n))] > Dyln(n + 1), we have

Q) ()| < Cy e (/P2 Im=m(ei)

a

(2.7)



THE STATISTICAL DISTRIBUTION OF THE ZEROS OF RANDOM OPUC 7

The point m(gp&”)) will be taken to be the smallest integer where the

eigenfunction {"” (m) attains its maximum.

In order to obtain a Poisson distribution in the limit as n — oo, we
will use the approach of Molchanov [20] and Minami [19]. The first
step is to decouple the point process ¢ into the direct sum of smaller
point processes. We will do the decoupling process in the following way:
For any positive integer n, let C™ be the CMV matrix obtained for
the coefficients ag, a1, ..., a, with the additional restrictions Afn) =

Inn

e 042[ = e ..., «a, = elnnl where "M, "2 .. . e'"lnnl are

lnn]
independent random points uniformly distributed on the unit circle.

Note that the matrix C™ decouples into the direct sum of ~ [Inn)]
(n) . CS ) ... C"™ .. We should note here that the

[Inn]*
actual number of blocks C,L- is slightly larger than [Inn| and that the
dimension of one of the blocks (the last one) could be smaller than
.
However, since we are only interested in the asymptotic behavior
of the distribution of the eigenvalues, we can, without loss of gener-
ality, work with matrices of size N = [Inn] [{%-]. The matrix C") is

Inn
the direct sum of exactly [Inn] smaller blocks ¢, CSN), ey C[(lfq)q].

We denote by (V) = anz/llnn} 0 @ where z§p), zép), e ,z[(p) are the
k

unitary matrices C

n/Inn]
eigenvalues of the matrix é]gN). The decoupling result is formulated in
the following theorem:

Theorem 2.3 (Decoupling the point process). The point process (V)
can be asymptotically approximated by the direct sum of point processes
E[IH”] C(N’p In other words, the distribution of the eigenvalues of the
matriz CN) can be asymptotically approvimated by the distribution of
(N) C(N C(N

the ezgenvalues of the direct sum of the matrices C (inn]"

The decoupling property implies that the statistical distribution of
the eigenvalues of C™) is very close to a Poisson distribution. In the
theory of point processes (see, e.g., Daley and Vere-Jones [7]), a point
process obeying this decoupling property is called an infinitely divisible
point process. In order to show that this distribution is Poisson on a
scale of order O(%) near a point ¥, we need to check two conditions:

[Inn)

ZIP’ A(N,0)) >1) = |A] as n— o0 (2.8)
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[Inn]
i) Y P(CMP(A(N,0)=2) =0 as n— oo (2.9)

p=1

where for an interval A = [a, b] we denote by A(N,0) = (/05 0+

and | - | is the Lebesgue measure (and we extend this definition to unions

of intervals). The second condition shows that it is asymptotically im-
5(NV) 5(

possible that any of the matrices C~§N), Cy /..., C ™ has two or more

[Inn]
eigenvalues situated an interval of size % Therefore, each of the ma-

trices C~£N), ééN), .., C (M) contributes with at most one eigenvalue in

[Inn]
an interval of size % But the matrices C§N), CéN), cee C[(lfr)z] are decou-

pled, hence independent, and therefore we get a Poisson distribution.
The condition i) now gives Theorem 1.1.

The next four sections will contain the detailed proofs of these the-
orems.

3. AIZENMAN-MOLCHANOV BOUNDS FOR THE RESOLVENT OF THE
CMV MATRIX

We will study the random CMV matrices defined in (2.1). We will
analyze the matrix elements of the resolvent (C™ — 2)~! of the CMV
matrix, or, what is equivalent, the matrix elements of

F(z,C™) = (C™ 4+ 2)(C™ —2)' =T +22(C™ — )7} (3.1)

(we consider z € D). More precisely, we will be interested in the expec-
tations of the fractional moments of matrix elements of the resolvent.
This method (sometimes called the fractional moments method) is use-
ful in the study of the eigenvalues and of the eigenfunctions and was
introduced by Aizenman and Molchanov in [1].

We will prove that the expected value of the fractional moment of
the matrix elements of the resolvent decays exponentially (see (2.6)).
The proof of this result is rather involved; the main steps will be:

Step 1. The fractional moments E <‘Fkl(2,0&n))r) are uniformly
bounded (Lemma 3.1).

Step 2. The fractional moments E <’Fkl(2,0&n))‘s) converge to 0
uniformly along the rows (Lemma 3.6).

Step 3. The fractional moments E (’Fkl(z,Cén))r> decay exponen-
tially (Theorem 2.1).

We will now begin the analysis of E (’Fkl(z, Cén))r)

)
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It is not hard to see that Re [(C™ + 2)(C™ — 2)7!] is a positive
operator. This will help us prove:

Lemma 3.1. For any s € (0,1), any k,I, 1 < k,l < n, and any
z € DUID, we have

E (|Fkl(z,cgn>)|5> <C (3.2)

where C' = c?js .

2
Proof. Let F,(z) = (¢, € + 2)(cl” — 2)~'¢). Since Re F, >0, the
function F, is a Carathéodory function for any unitary vector ¢. Fix

p € (0,1). Then, by a version of Kolmogorov’s theorem (see Duren 8]
or Khodakovsky [17]),

2
/ (6. 0+ pe)CP o) R S < O (33)
0
where C; = cos;”—

The polarization identity gives (assuming that our scalar product is
antilinear in the first variable and linear in the second variable)

3
. 1 : m
Fua(pe®,C) = 5 mzo (6% +™6)), Flpe, o) (6x +™61))
(3.4)
which, using the fact that |a 4 b|® < |a|® + |b|®, implies
3 .
. s 1 (5143 + Zm(gl) . 514: + Zm(;l
I 0 C(n) < = I 0 C
‘ kl(loe Yo )| —QSmZ::O \/5 ) (pe
(3.5)
Using (3.3) and (3.5), we get, for any e,
2
T , s df
/ | Fa(pe®,CS|" — < C (3.6)
0 2T
where C' = 2017
Therefore, after taking expectations and using Fubini’s theorem,
/QﬂE (1Fiape”, c)| )@ <cC (3.7)
0 e 27 '
The coefficients ag, aq, . .., a,_1 define a measure du on JD. Let us

consider another measure dyg(e’™) = du(e'"=9). This measure defines
Verblunsky coefficients g, 19, ..., a1, a CMV matrix Céfe), and
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unitary orthogonal polynomials @g g, 010 ..,¢n-10. Using the results
presented in Simon [22], for any k£, 0 < k <n —1,

Qg = e_i(k+1)905k (38)

k6

oro(z) = e*op(e2)

The relation (3.9) shows that for any k and 0, x1.4(2) = Mg (e ?2)
where |z g| = 1.

Since «q, aq, ..., a,_1 are independent and the distribution of each
one of them is rotationally invariant, we have

E (|Fulpe”, ") =E (|Futoe”.c)|)  (310)

But, using (3.8) and (3.9),

i n e’ + pe’ A VERSY ir
Fulpe,€03) = | S0 naa(e) Xuale) da(e”)
oD -

em'_|_pei0 — o
:/ 6”—[)61996170(6 ) Xko(e™) dpu(e" %)
oD -

i(7+6) 10
e + pe i(r i(r iT
= /mmm,e(e( ) Xieo (€0 du(e™)

A i Jpp———
2)\1,0/\k,0/ « le(e ) Xk (€) du(e')

op €7 —p
= No Moo Fra(p, C™)

where |)\l,9Xk,0| = 1.
Therefore the function § — E (‘Fkl(pew, C&n))‘ ) is constant, so, us-
ing (3.7), we get

E ()Fkl(pew,cg}g>\ )<c (3.11)
Since p and € are arbitrary, we now get the desired conclusion for any
z € D.

Observe that, by (3.4), Fj; is a linear combination of Carathéodory
functions. By [8], any Carathéodory function is in H*(D) (0 < s < 1)
and therefore it has boundary values almost everywhere on 0. Thus
we get that, for any fixed o €  and for Lebesgue almost any z = ¢% €
oD, the radial limit Fj(e®, Cén)) exists, where

Fkl(ew,Cé")) = llgl Fkl<p€i97c(n)) (312)
P

a



THE STATISTICAL DISTRIBUTION OF THE ZEROS OF RANDOM OPUC 11

Also, by the properties of Hardy spaces, Fy( - ,C&”)) € L5(0D) for
any s € (0,1). Since the distributions of g, a1, ..., a,_1 are rotation-
ally invariant, we obtain that for any fixed e € 9D, the radial limit

Fu(ei®,c{) exists for almost every a € €.
The relation (3.11) gives

sup E <|Fkl(pei9,cgn>)\8> <C (3.13)

pe(0,1)

By taking p T 1 and using Fatou’s lemma we get:
E (\Fkl(e”,c@)f) <C (3.14)
O

Note that the argument from Lemma 3.1 works in the same way when
we replace the unitary matrix c{" with the unitary operator C, (cor-
responding to random Verblunsky coefficients uniformly distributed in
D(0,7)), so we also have

E (|Fu(e”,Ca)]) < C (3.15)

for any nonnegative integers k, ! and for any e? € 9D.

The next step is to prove that the expectations of the fractional
moments of the resolvent of C™ tend to zero on the rows. We will
start with the following lemma suggested to us by Aizenman [3]:

Lemma 3.2. Let {X,, = X,,(w)}n>0, w € Q be a family of positive
random wvariables such that there exists a constant C' > 0 such that
E(X,) < C and, for almost any w € Q, lim,,_,o, X,,(w) = 0. Then, for
any s € (0,1),

nlggo E(X)) =0 (3.16)
Proof. Let € > 0 and let M > 0 such that M*~! < . Observe that if
Xo(w) > M, then X3 (w) < M*7' X, (w). Therefore

X3 (w) < X5(W) Xwixnw)<any (W) + M X, (w) (3.17)
Clearly, E(M*71X,) < eC and, using dominated convergence,
E(X; X{wiXn(@)<m}) — 0 as n — oo (3.18)
We immediately get that for any € > 0 we have
fin sup E(X;) < E(X] Xquixa@<my) +C (3.19)

so we can conclude that (3.16) holds. O
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We will use Lemma 3.2 to prove that for any fixed 7, E (|Fj,j+k(ei9, Ca) |S)
and E (|P}7j+k(ei9,cg)\s) converge to 0 as k — oo. From now on, it
will be more convenient to work with the resolvent GG instead of the
Carathéodory function F.

Lemma 3.3. Let C = C,, be the random CMV matrixz associated to a
family of Verblunsky coefficients {au,}n>0 with oy, i.i.d. random vari-
ables uniformly distributed in a disk D(0,7), 0 <r < 1. Let s € (0,1),
2 € DUID, and j a positive integer. Then we have

Jim B (G44(=,C)[") =0 (3.20)

Proof. For any fixed z € D, the rows and columns of G(z,C) are [?
at infinity, hence converge to 0. Let s’ € (s,1). Then we get (3.20)

applying Lemma 3.2 to the random variables Xj = |G, j+x(2, )| and
using the power % < 1.

We will now prove (3.20) for z = € € 9D. In order to do this,
we will have to apply the heavy machinery of transfer matrices and
Lyapunov exponents developed in [23]. Thus, the transfer matrices
corresponding to the CMV matrix are

Tu(z) = Alay, 2) ... Aag, 2) (3.21)

where A(a,z) = (1—|af*)7"/2 (_%, 7") and the Lyapunov exponent is
.1

3(2) = lim L1og T, 2. {a )] (322

(provided this limit exists).
Observe that the common distribution du of the Verblunsky coeffi-
cients «, is rotationally invariant and

/D(O . —log(l —w) dp(w) < oo (3.23)

Therefore, using a result from [23], the Lyapunov exponent exists for
every z = ¢ € 9D and

e =4 [ dog(1 = lof?) dufe) (3.24)
D(0,1)
. . . . 24 (1—r?)log(1—r?)
An immediate computation gives y(z) = 5e2 > 0.

The positivity of the Lyapunov exponent ~(e?) implies (using the
Ruelle-Osceledec theorem; see [23]) that there exists a constant A # 1
(defining a boundary condition) for which

lim T, (") (1) =0 (3.25)

n—o00 )\
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From here we immediately get (using the theory of subordinate so-
lutions developed in [23]) that for any j and any ¢ € D,

lim Gjk(€?,C) =0 (3.26)

We can use now (3.15) and (3.26) to verify the hypothesis of Lemma
3.2 for the random variables

/

Xi = |Gjjen(e”,0)| (3.27)

where s" € (s,1). We therefore get
Jlim E (|Gjan(e?®.C)[) =0 (3.28)
O

The next step is to get the same result for the finite volume case
(i.e., when we replace the matrix C = C, by the matrix CI").

Lemma 3.4. For any fized j, any s € (0,1), and any z € DU D,
lim  E(|Gjj4r(z,C)[7) =0 (3.29)

k—o0, k<n
Proof. Let C be the CMV matrix corresponding to a family of Verblun-
sky coefficients { v, }n>0, With |a,| < r for any n. Since E (|G} j4x(z,C)|") —
0 and E (|Gj7j+k(z,C)|25) — 0 as k — 0o, we can take k. > 0 such that
for any k > k., E(|Gj4x(2,C)]°) < e and E (|Gy44(2,C)|*) < e.
For n > (k. +2), let C™ be the CMV matrix obtained with the same
g, 1, ..., Qp_2, Oy, . .. and with a,,_; € dD. From now on we will use

G(2,C) = (C—2)"! and G(z,C) = (€ — 2)~1. Then
CM =)= (C—2) = (C—2)(C-Cc)Ct =27 (3.30)

«

Note that the matrix (C — C™) has at most eight nonzero terms,
each of absolute value at most 2. These nonzero terms are situated at
positions (m,m’) and |m —n| < 2, |m’ —n| < 2. Then

E (€8 = 2)j5ul”) SE(I(C = 2)54l")
+20 Y E(IC = )5l 1€ = 2 sl)

8 terms
(3.31)
Using Schwartz’s inequality,
E (IC = 2)jml* IC = 2)p jal’) <
( , s+l (3.32)

m

E (|C - Z);rln|2s)1/2 E (|Cc(tn) - Z)i},j+k|28)l/2
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We clearly have m > k. and therefore E (|C — z);,1,|*) < e. Also,
from Lemma 3.1, there exists a constant C' depending only on s such

that E <|C§Z‘) —2) MPS) <C.

Therefore, for any k > k., E <|(Cc(yn) - z)]_]l+k\5> <e+¢el2C.
Since ¢ is arbitrary, we obtain (3.29). O

Note that Lemma 3.4 holds for any s € (0, %) The result can be
improved using a standard method:

Lemma 3.5. For any fized j, any s € (0,1), and any z € D,

i By =1 (339
Proof. Let s € [é,l) t € (s,1),r (0, 5). Then using the Hélder
inequality for p = ;== and for ¢ = =", we get

_ r(t—s) n _ t(s—r)
(|(C(n) _Z)j]+k’ ) E <’(C<(xn) _Z)J]+k| e |(C( )33+k| e )
< (B (€0 = 2);100)) T (E(CE - 251,00
(3.34)

From Lemma 3.1, ]E(|(C(") - Z)f;+k|t) is bounded by a constant de-

pending only on ¢ and from Lemma 3.4, ]E(|(C(n) z)]_31+k|7") tends to 0
as k — 0o. We immediately get (3.33). O

We can improve the previous lemma to get that the convergence to
0 of E(|(CY” — Z>”+k| ) is uniform in row j.

Lemma 3.6. For any € > 0, there exists a k. > 0 such that, for
any s,k,j,n, s € (0,1),k > k.,n > 0,0 < j < (n—1), and for any
z € DUOID, we have

E (\GJ,M (z,¢M) |8) <¢ (3.35)

Proof. As in the previous lemma, it is enough to prove the result for
all z € D. Suppose the matrix C™ is obtained from the Verblunsky
coefficients «q, aq,...,a,_1. Let’s consider the matrix C((izg obtained
from the same Verblunsky coefficients with the additional restriction
a;m, = 1 where m is chosen to be bigger but close to j (for example
m = j +3). We will now compare (C™ — z); 1+k and (Cdez — Z)j_jl+k
By the resolvent identity,

[ \ Cm —2) 1, — (C — 2): L, (3.36)

J]+k’ dec
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<2 3 e =2 | 2t

[l—ml|<2,[1'—m| <2

(3.37)

The matrix (C") — 2)~! decouples between m — 1 and m. Also, since
|I' —m| < 2, we get that for any fixed e > 0, we can pick a k. such that
for any k > k. and any I, |I' — m| < 2, we have

(Co) — 2)phul < e (3.38)

(In other words, the decay is uniform on the 5 rows m—2,m—1, m, m+
1, and m + 2 situated at distance at most 2 from the place where the
matrix C™ decouples.)

As in Lemma 3.4, we can now use Schwartz’s inequality to get that
for any ¢ > 0 and for any s € (0, %) there exists a k. such that for any
7 and any k > k.,

E(|€" = 2)j ") <= (3.39)

B

Using the same method as in Lemma 3.5, we get (3.35) for any
s € (0,1).
O

We are heading towards proving the exponential decay of the frac-
tional moments of the matrix elements of the resolvent of the CMV
matrix. We will first prove a lemma about the behavior of the entries
in the resolvent of the CMV matrix.

Lemma 3.7. Suppose the random CMV matriz C™ = ci is given as
before (i.e., ag,q,...,Q,_2,a,_1 are independent random variables,
the first (n — 1) uniformly distributed inside a disk of radius r and the
last one uniformly distributed on the unit circle). Then, for any point
e’ € 0D and for any o € Q where G(eie,Cén)) = (Cén) — )71 ewists,
we have

‘sz(e"", i) ’ N
< ( ) (3.40)

‘Gij(eie’cé”))‘ V1—r2

Proof. Using the results from Chapter 4 in Simon [22], the matrix el-
ements of the resolvent of the CMV matrix are given by the following
formulae:
(C—2)], = { 22)""i(2)pr(2), k>1 or k=1=2n—1
kl (22) 'm(2)xn(2), 1>k or k=1=2n
(3.41)
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where the polynomials x;(z) are obtained by the Gram-Schmidt pro-
cess applied to {1,z,27%,...} in L?*(0D, du) and the polynomials z(2)
are obtained by the Gram-Schmidt process applied to {1,27!,2...} in
LD, du). Also

P =Yn + F(2)x, (3.42)
T ="Tpn+ F(2)xn (3.43)
where y,, are the second kind analogs of the CMV bases
o
Yo n =2l
Yn = { —z*lwm , n=20-1 (3.44)

and T,, are the analogs of the Weyl solutions of Golinskii-Nevai [13]

—z7ls n = 2l
T, = { s =20 — 1 (3.45)

The functions 1, are the second kind polynomials associated to the
measure p and F'(z) is the Carathéodory function corresponding to p
(see [22]).

We will be interested in the values of the resolvent on the unit circle
(we know they exist a.e. for the random matrices considered here).
For any z € 0D, the values of F(z) are purely imaginary and also
Yn(2) = z,(2) and T,(2) = —yn(2). In particular, |x,(2)] = |z.(2)]
for any z € 9D.

Therefore m,(2) = T, (2) + F(2)xn(2) = —pn(2), 50 [71,(2)] = |pn
for any z € 9D. We will also use |x2n11(2)| = |@2nt1(2)], [x2n(z ) =
|05 (2)], [22n(2)] = [02n(2)], and [zon-1(2)] = [#5,1(2)] for any z €
JdD. Also, from Section 1.5 in [22], we have
Qpn:tl(z)

Pn(z)
for any z € 0D, where C' = 2/v/1 — 12,

The key fact for proving (3.46) is that the orthogonal polynomials

©, satisfy a recurrence relation

Pnt1(2) = P (20n(2) — Tnp (2)) (3.47)
This immediately gives the corresponding recurrence relation for the
second order polynomials

Unr1(2) = oy (20 (2) + Tatl},(2)) (3.48)
Using (3.47) and (3.48), we will now prove a similar recurrence rela-
tion for the polynomials 7,. For any z € 0D, we have

Tore1(2) = Yo (2) + F(2)xa41(2)

<C (3.46)
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= 27 (o1 (2) + F(2)pat1(2))
= —pyt 27 (2) + py oy T (2) (3.49)

and similarly we get

Tor(2) = —py  Tu1(2) — ao_1py  Ta_1(2) (3.50)

where we used the fact that for any z € D, F(z) is purely imaginary,

hence F(z) = —F(2).
Since p,! < ﬁ, the equations (3.49) and (3.50) will give that for

any integer n and any z € D,

7Tn:|:1<z)

Wn(z)

<C (3.51)

where C' = 2/y/1 —r2.

Using these observations and (3.41) we get, for any z € dD,

’ [(C(n) - Z)_l}k,l‘ <C ’ [(C(n) - z)_l}k;,l:tl (3.52)

and also
‘ [(C(n) - Z)_l}k,l <C ’ [(C(n) - Z)_l}k;j:l,l (3.53)
We can now combine (3.52) and (3.53) to get (3.40). O

We will now prove a simple lemma which will be useful in computa-
tions.

Lemma 3.8. For any s € (0,1) and any constant € C, we have

L L
——dzr < / dx 3.54
L= [ o (354
Proof. Let 8 = (1 + iy with 31, 82 € R. Then

| ! 1 |
———dr = / dr < / ———dx
/—1 |z = p° 1 (@ = B)? + B3] 1|z =Bl
(3.55)
But 1/|z|® is the symmetric decreasing rearrangement of 1/|z — (5 |°

so we get
| L
/ ————dzr < / ——dzx (3.56)
1 |z =Bl _y |zf?

and therefore we immediately obtain (3.54). O

The following lemma shows that we can control conditional expec-
tations of the diagonal elements of the matrix C(™.



18 MIHAI STOICIU

Lemma 3.9. For any s € (0,1), any k, 1 <k <n, and any choice of
Qp, A1y .oy A1, Ot 15 .- ., Qp_2, A1,

E (|Fkk(z,c(§7>)f | {ai}#k) <C (3.57)
where a possible value for the constant is C = ﬁ 325,

Proof. For a fixed family of Verblunsky coefficients {c, },en, the diag-
onal elements of the resolvent of the CMV matrix C can be obtained
using the formula:

(6, (C+ 2)(C — 2)"163) = /8

where 1 is the measure on JD associated with the Verblunsky coeffi-
cients {a, tnen and {¢, }nen are the corresponding unitary orthogonal
polynomials.

eif 4 »
D et — 2

() du(e”)  (3.58)

Using the results of Khrushchev [18], the Schur function of the mea-
sure | (e?)|? du(e'?) is:

g(2) = f(z;ap, agqr, .. .) f(z; —Qpo1, —Qg—2,...,—Q0, 1)  (3.59)

where by f(z;.5) we denote the Schur function associated to the family
of Verblunsky coefficients S.

Since the dependence of f(z;ay, ags1,...) on i is given by

ap + 2 f(2; Qpgr, Qpga - - )
; QU O — 3.60
F(z ks Q) 1+ arzf(z; ape1, Opya---) (3.60)

we get that the dependence of gx(z) on ay is given by

ap + Cy
=0—— 3.61
a(z) = Ot (361)
where

Ol = f(Z; —&k,l, —&k,Q, ey —50, 1) (362)
Cy = 2f(2; Qpy1, Qht2y - - -) (3.63)

Note that the numbers C and Cy do not depend on «, |C], |Cs| < 1.

We now evaluate the Carathéodory function F(z; |pr(e)|? du(e®))
associated to the measure |¢g(e?)|? du(e?). By definition,
cil 4 -

Fllole)Fdute) = [ G2 alePdue”)  (360)

= (6, (C+ 2)(C — 2)7'5%) (3.65)
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We now have

: : 1+ zgy(2) 2
F(z; )2 du(e))| = '— < 3.66
Pl )| = | | < [Ty | (209
It suffices to prove
2 S
sup T antws dOék < o0 (367)
wi,w2€D J D(0,r) 1 - 1+agws
Clearly
2 N 2(1 + ajw,)
1-— % 1+ @pws — wy (g + wy)
4
< — (3.68)
1+ apwy — wy (ag + wy)

For ap = x + iy, 1 +apwy — wy(ay + we) = x(—wy + we) + y(—iw; —
iws) + (1 — wyws). Since for wy,we € D, (—wy + we), (—iw; — iwy),
and (1 — wywsy) cannot be all small, we will be able to prove (3.67).

If|—w1—i—w2|2€,
day, <
a’“‘( ) // !os+yD+E|
(3.69)

/D(O,r)
4\° 1 4 [4\°
<2 /_dl«:_ 4
£ 1 |x]® 1—s\e

(3.70)

2

apt+wa
14+apws2

]_—U}l

(where for the last inequality we used Lemma 3.8).

The same bound can be obtained for |w; + wq| > .
If | —wy +ws| < e and |w; +wsy| < e, then

|z(—wy + wa) + y(—iw; — dwy) + (1 — wywy)| > (1 — & —4e) (3.71)

/;(0 T)

Therefore for any small e, we get (3.57) with

C:max{lf (—) 25+2( i ) } (3.73)

SO

2

1— Optwy

S 1 s
dop < 2572 —— 3.72
L = <1—52—45) (3.72)
+a w2

S

For example, for ¢ = 1/8, we get C' =
U
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We will now be able to prove Theorem 2.1.

Proof of Theorem 2.1. We will use the method developed by Aizenman
et al. [2] for Schrodinger operators. The basic idea is to use the uni-
form decay of the expectations of the fractional moments of the matrix
elements of C™ (Lemma 3.6) to derive the exponential decay.

We consider the matrix C™ obtained for the Verblunsky coefficients
g, v, ..., 1. Fix a k, with 0 < k < (n —1). Let CYL) be the

matrix obtained for the Verblunsky coefficients ag, aq, ..., a,_1 with
the additional condition ay.,, = 1 and Cén) the matrix obtained from
g, a1, . . ., (1 with the additional restriction a3 = € (m is an

integer > 3 which will be specified later, and e is a random point
uniformly distributed on D).
Using the resolvent identity, we have

(€M —2) = (" —2) 7t = (€M —2) (¢ =) (€M —2) 7" (3.74)
and
(M —2) = (0 —2) T = (€™ =2) T (=) (¢ —2) ! (3.75)
Combining (3.74) and (3.75), we get

(€™ -2 = — 27+ (" -
+ (" =27t e™ — ety e — 2l — ey el - 2)!

3.76)
For any k,l with [ > (k 4+ m), we have
(n) _ N1 _
[(C1 2) ]kl 0 (3.77)
and
(@ =7 —em) e -7 =0 (3.78)

Therefore, since each of the matrices (Cf") —C™) and (Cén) —C) has
at most eight nonzero entries, we get that

[(C(n) - Z)il]kl =
e = 2)pk e = M), (€ = 2) L (68 — ™), (€5 - )1
64 terms
(3.79)
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which gives

E (| - 2)g'[")
<4 3 E([e -2 € - 25k, 0 - )7

5283 s4l

> (3.80)

64 terms

where, since the matrix C\™ decouples at (k 4+ m), we have |sy — (k +

m)| < 2 and, since the matrix C%n) decouples at (k +m + 3), we have
|s3 = (k+m+3)] < 2. ‘
By Lemma 3.7, we have for any e € 9D,

’(C(n) _ e“’)‘l, 9 7
n 10\~ == B ( ) (381)
[(Ct — ) Vi-i?

1 _—
Emt Lt
Observe that (C™ — %), and e — z),, do not depend on a4t

and therefore using Lemma 3.9, we get

E (| = 2k (€ = )k, (€ = =),

S$283 4l

4 328 2 ! C(n) —1
= 1_5 m ‘( 1 Z)ksl

Since the random variables (Cfn) — 2)j,, and (Cén) — z),,; are inde-
pendent (they depend on different sets of Verblunsky coefficients), we
get

| {O‘i}i;é(kerJrl))

s

BCREE

s4l

(3.82)

ks 5283

E (| - 25 (€ = 2., e - =),

<c(snE (| - 2] (3.83)

ksq

7
where C(s,r) = = 32° (\/12—ﬁ> .
(n) _

The idea for obtaining exponential decay is to use the terms E(|(C;
2)ies|*) 0 get smallness and the terms E(|(c™ — z),4I%) to repeat the
process. Thus, using the Lemma 3.6, we get that for any # < 1, there
exists a fixed constant m > 0 such that, for any s, [s; — (k+m)| < 2,

we have

164 Cs,m) - E (| = )

) <7 (3.84)

We can now repeat the same procedure for each term E(|(C§n) -
z),4|°) and we gain one more coefficient 3. At each step, we move
(m + 3) spots to the right from k to I. We can repeat this procedure
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[%] times and we get

which immediately gives (2.6). O

4. THE LOCALIZED STRUCTURE OF THE EIGENFUNCTIONS.

In this section we will study the eigenfunctions of the random CMV
matrices considered in (2.1). We will prove that, with probability 1,
each eigenfunction of these matrices will be exponentially localized
about a certain point, called the center of localization. We will fol-
low ideas from del Rio et al. [9].

Theorem 2.1 will give that, for any 2z € JD, any integer n and any
s € (0,1),

E (yFk,(z,c@)ys) < e Dkl (4.1)

Aizenman’s theorem for CMV matrices (see Simon [24]) shows that
(4.1) implies that for some positive constants Cy and Dy depending on
s, we have

E (sup ‘ (5k, (C&"))jél) ‘) < e Polk=ll (4.2)
jEL
This will allow us to conclude that the eigenfunctions of the CMV
matrix are exponentially localized. The first step will be:

Lemma 4.1. For almost every o € €2, there exists a constant D, > 0
such that for any n, any k,1, with 1 < k,l <n, we have

sup | (0x, (C1)76))| < Dq (14 n)8 e~ Dokl (4.3)
ez
Proof. From (4.2) we get that

/Q (Sup | (J, (Cé"))j&) }) dP(a) < Cye Dokl (4.4)

JET
and therefore there exists a constant C; > 0 such that

Z /Q (1 =+ n)2(1 _{1_ k)g(l T l)2 (Sup ‘ (5k7 (Cé”))j(sl) ‘) eDolk=l| dp(&) e

n =1 ki<n JEL
(4.5)

It is clear that for any k, [, with 1 < &, < n, the function
1 .
Su (ClN § Dolk=ll (4.6
TP R 2 (325“’“’(0‘ ) l)})e (4.6)

is integrable.
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Hence, for almost every a € €2, there exists a constant D, > 0 such
that for any n, k, [, with 1 < k, [ < n,
sup ‘ (5k, (C&”))jél) ‘ < Dy (14 n)" e~ Dolk—ll (4.7)
JEZ

]
A useful version of the previous lemma is:
Lemma 4.2. For almost every o € €1, there exists a constant C, > 0
such that for any n, any k, 1, with 1 < k,l <n, and |k —1| > })—iln(nqt
1), we have
(n)j el
sup |<5k7 (Ca ) 5l)| < Cae 2 (48)
jez
Proof. 1t is clear that for any n,k,l, with 1 < k,l < n and |k —1[| >
[1)—?) In(n + 1),
1
(I+n2)(1+k2)(1+1?)
In particular, for any n, k, [ with |k — 1| > 11)—?) In(n 4 1), the function

el > (4.9)

Q30 — (sup | (6%, (Cé”))j5z)|> e 3kl (4.10)
jez

is integrable, so it is finite for almost every a.
Hence for almost every o € €, there exists a constant C, > 0 such
that for any k,, |k — 1| > })—iln(n +1),

sup | (0, (Cé”))jélﬂ < Cy e~ 3kl (4.11)
jez

O

Proof of Theorem 2.2. Let’s start with a CMV matrix C™ = el cor-
responding to the Verblunsky coefficients ag, aq, ...,y 9,0, 1. As
mentioned before, the spectrum of C™ is simple. Let e be an eigen-

value of the matrix C{ and go((ln) a corresponding eigenfunction.
We see that, on the unit circle, the sequence of functions

M
far(e?) = 2M1+ : Z ¢(0—0a) (4.12)

J==

is uniformly bounded (by 1) and converge pointwise (as M — 00) to
the characteristic function of the point e, Let Pyiony = X{ewa}(C&")).
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By Lemma 4.2, we have, for any k, [, with |k — 1| > zl)_i In(n + 1),

M
1 g .
(n) — —ij ba (0 (1)
|G, Sar (€ )| = 55 — 42 (64, €79% (CMY 6,) (4.13)
e
1 = b
(n)yJ - k=]
S oM t1 Z | (0, (C&Y 6)| < Cae=
j=—M
(4.14)
where for the last inequality we used (4.1).
By taking M — oo in the previous inequality, we get
| ((Sk, P{ez‘ea} 51) | < C, 6_%%_” (415)
and therefore
D,
o0 (k) o (1)] < Coem = W1 (4.16)

We can now pick as the center of localization the smallest integer
m(p8”) such th
o) such that

[l (m ()] = max | (m))| (4.17)

We clearly have [ (m(p5"))| > \/nlﬁ
(n)

Using the inequality (4.16) with & = m and | = m(py’) we get, for
any m with [m — m(p{")| > })—i In(n + 1),

‘(p&n) (m)} < O, e*%\mfm(tpff))\ vn+1 (4.18)
Since for large n, ol vn+1< e 3 =1 for any k,l, |k —1| >
})—20 In(n+ 1), we get the desired conclusion (we can take Dy = })—i) O

For any eigenfunction ¢, the point m(gp&n)) is called its center of

localization. The eigenfunction is concentrated (has its large values)

near the point m(gp&")) and is tiny at sites that are far from m(gp&")).

This structure of the eigenfunctions will allow us to prove a decoupling
property of the CMV matrix.

Note that we used Lemma 4.2 in the proof of Theorem 2.2. We can
get a stronger result by using Lemma 4.1 (we replace (4.11) by (4.7)).
Thus, for any n and any m < n, we have

|00 (m)| < Dy (1+n)0 e 2 Imoml /T (4.19)

where m (") is the center of localization of the eigenfunction o".
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5. DECOUPLING THE POINT PROCESS

We will now show that the distribution of the eigenvalues of the CMV
matrix C™ can be approximated (as n — oo) by the distribution of
the eigenvalues of another matrix CMV matrix C™ . which decouples
into the direct sum of smaller matrices.

As explained in Section 1, for the CMV matrix C™ obtained with the
Verblunsky coefficients o = (a, o1, . . ., 1) € €, we consider C™ the
CMYV matrix obtained from the same Verblunsky coefficients with the
additional restrictions o] = eim W a] = e .. ay_q = eMinn

Inn Inn
where €™ e .. e are independent random points uniformly
distributed on the unit circle. The matrix C™ decouples into the di-
rect sum of approximately [Inn] unitary matrices C™, €S, ..., é[(lz)n].
Since we are interested in the asymptotic distribution of the eigenval-
ues, it will be enough to study the distribution (as n — o0) of the
n

eigenvalues of the matrices C™) of size N = [Inn] [{%-]. Note that in

this situation the corresponding truncated matrix C¥) will decouple

into the direct sum of exactly [Inn] identical blocks of size [].

We will begin by comparing the matrices C¥) and ™).

Lemma 5.1. For N = [Inn] [{%], the matriz C™) — C™) has at most
4[lnn] nonzero rows.

Proof. In our analysis, we will start counting the rows of the CMV
matrix with row 0. A simple inspection of the CMV matrix shows
that for even Verblunsky coefficients awy, only the rows 2k and 2k + 1
depend on ayy. For odd Verblunsky coefficients awy1, only the rows
2k, 2k 4+ 1,2k 4 2,2k + 3 depend on asy .

Since in order to obtain the matrix C™) from C™) we modify [Inn]
Verblunsky coefficients Q[ n ], gl n ],y Oy pfon ), WE immediately

Inn Inn

see that at most 4[Inn] rows of C™) are modified.
Therefore CN) — C™Y) has at most 4[In n] nonzero rows (and, by the

same argument, at most 4 columns around each point where the matrix
C™) decouples). O

Since we are interested in the points situated near the places where
the matrix C/N) decouples, a useful notation will be

Sn(K) =SO(K)uSH(K)u---u sk (5.1)
where S®(K) is a set of K integers centered at k [#] (e.g., for
K=2p SO(K)={k[Z]-p+Lk[Z]-p+2,...k[Z]+p}).

Inn
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Using this notation, we also have
Sn(1) = {[%} 2 [ﬁ} ., [lnn] [%}} (5.2)

Consider the intervals Iy, 1 < k < m, of size % near the point
e® on the unit circle (for example Iy = (ei(a+%),ei(a+%))), where
a; < by <ay <by <--- < ayy < by We will denote by Ny (I) the
number of eigenvalues of C) situated in the interval I, and by Ny (1)
the number of eigenvalues of CV) situated in 1. We will prove that, for
large N, Nx(Iy ) can be approximated by J\N/’N(IN,;C)7 that is, for any

integers ki, ks, ..., k, > 0, we have, for N — oo,
| PN (Ing) = ki, Nv(Ing2) = ko, ..., Nv(Ivm) = ki)

—P(Ny(In1) = ki, Nu(Inp) = ko, ... . Ny(Inm) = k)| — 0
(5.3)

Since, by the results in Section 4, the eigenfunctions of the matrix
C™N) are exponentially localized (supported on a set of size 2T [In(n +
1)], where, from now on, T = ]13—‘(1)), some of them will have the cen-
ter of localization near Sy (1) (the set of points where the matrix
c) decouples) and others will have centers of localization away from
this set (i.e., because of exponential localization, inside an interval
(k [2] . (k1) [2.]))

Roughly speaking, each eigenfunction of the second type will produce
an “almost” eigenfunction for one of the blocks of the decoupled matrix
C™) . These eigenfunctions will allow us to compare N N(Inyg) and
N N (] N,k) .

We see that any eigenfunction with the center of localization outside
the set Sy (47 [Inn]) will be tiny on the set Sy (1). Therefore, if we want
to estimate the number of eigenfunctions that are supported close to

Sn(1), it will be enough to analyze the number by ,, where by, =

number of eigenfunctions of ¢\ with the center of localization inside
Sn(4T[Inn]) (we will call these eigenfunctions “bad eigenfunctions”).
We will now prove that the number by, is small compared to V.

A technical complication is generated by the fact that in the expo-
nential localization of eigenfunctions given by (4.3), the constant D,
depends on a € 2. We define

Mg = {a € Q, sup|(0k, (C™M)5)| < K (14 N)S e_DOk_”} (5.4)
JEL

Note that for any K > 0, the set Mg C Q is invariant under ro-
tation. Also, we can immediately see that the sets Mg grow with K
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and

lim P(Mg) =1 (5.5)

K—o0
We will be able to control the number of “bad eigenfunctions” for
a € My using the following lemma:

Lemma 5.2. For any K > 0 and any a € My, there exists a constant
Cx > 0 such that
by < Ck (In(1+ N))? (5.6)

Proof. For any K > 0, any a € My, and any eigenfunction ¢ which
is exponentially localized about a point m(pl), we have, using (4.19),

fm)| < KeFImmE QL NPVIFN  (5.7)

Therefore for any m such that |m — m(¢Y)| > [})—i In(1 + N)}, we

have
[ee}

Z |SO((XN)(m)|2 S 2(1 +N)_14 (1 +N)13 ZKQ e—Dok
[m—m ()= [ 5 (1+N))] k=0
1.9 2P0
< (1+ V)R (5.8)

Therefore, for any fixed K and s, we can find an Ny = Ny(k, s) such
that for any N > N,

3 oM (m)|” > 1 (5.9)

[m—m()|<[ At m(1+N)]

We will consider eigenfunctions oY with the center of localization in
Sy (4TIn N]). For a fixed a € Mg, we denote the number of these
eigenfunctions by by,. We denote by {t1,%s,..., %y, } the set of
these eigenfunctions. Since the spectrum of CV) is simple, this is an
orthonormal set.

Therefore if we denote by card(A) the number of elements of the set
A, we get

bN,a

Z Z i (m)[?

mes (47 (n N+ [ £ (14| ) =

< card {S (4T[1n N+ [11)_4 In(1 + Nﬂ ) }

0

< (4T + é—i) (In(1 + N))?
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Also, from (5.9), for any N > Ny(K,s),

bNa

>, S im)P > bya  (5.10)

mes (47(n N+ [ A4 m(1+3)] ) =

Therefore, for any K > 0 and any o € Mg, we have, for N >
NO(K78)a

by <2 <4T + 11)_%)) (In(1 + N))? (5.11)

and we can now conclude (5.6). O

Lemma 5.2 shows that for any K > 0, the number of “bad eigen-
functions” corresponding to & € My is of the order (In N)? (hence
small).

Since the distributions for our Verblunsky coefficients are taken to
be rotationally invariant, the distribution of the eigenvalues is rota-
tionally invariant. Therefore, for any interval I of size % on the unit
circle, and for any fixed set Mg C €, the expected number of “bad

. . » . . . . - (InN)?
eigenfunctions” corresponding to eigenvalues in Iy is of size “—~. We
then get that the probability of the event “there are bad eigenfunctions
corresponding to eigenvalues in the interval I5” converges to 0. This
fact will allow us to prove

Lemma 5.3. For any K > 0, any disjoint intervals In1,In2, ..., Inm

(each one of size % and situated near the point ') and any positive

integers ki, ko, ..., ky, we have

‘ P{NN(In1) = ki, Nn(Ina) = koo oo , NN (Inm) = ki } N M)

— P({Nn(In1) = ki, Nx(Ino) = ko, .. Nx(Inm) = kn} O Mg)| — 0
(5.12)

as N — oo.

Proof. We will work with o € Mg. We first observe that any “good

eigenfunction” (i.e., an eigenfunction with the center of localization
outside Sy (47[In NJ)) is tiny on Sy (1).
(N)

Indeed, from (4.19), for any eigenfunction ¢q With the center of

localization m(pS")) and for any m with [m—m(eM)| > 18 Dy (N +1)],

o m)| < Kem % Immtes >*<1+N> VITN (613

In particular, if the center of localization of ¢ is outside Sy (4T [In N1J),
then for all m € Sy(1), we have

M (m)| < K(1+N)~? (5.14)
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We will use the fact that if N is a normal matrix, zy € C, ¢ > 0, and
© is a unit vector with

(N = z0)ell <e (5.15)

then NV has an eigenvalue in {z | |z — 29| < £}.
For any “good eigenfunction” go((lN), we have CSV)@SV) = (0 and there-
fore, using Lemma 5.1,
ICSV e < 2K [In NJ(1+ N) (5.16)

Therefore, for any interval Iy of size &, we have

e
Na(Iy) < Ny(Iy) (5.17)
where Iy is the interval Iy augmented by 2K [In N](1 + N)~=2.
Since 2K [In N](1 + N)~2 = o(+), we can now conclude that
P((NN(IN) SNN(IN))QMK) —1 as n— o0 (5.18)
We can use the same argument (starting from the eigenfunctions of
C~(§N), which are also exponentially localized) to show that

P((Ny(In) > Na(In)) N Mg) =1 as n— oo (5.19)

so we can now conclude that
P((NN(IN):NN(IN))HMK) —1 as n— o0 (5.20)
Instead of one interval Iy, we can take m intervals In 1, Ino..., Inm
so we get (5.12). O

Proof of Theorem 2.3. Lemma 5.3 shows that for any K > 0, the dis-
tribution of the eigenvalues of the matrix CY) can be approximated by
the distribution of the eigenvalues of the matrix C™) when we restrict
to the set My C . Since by (5.5) the sets My grow with K and
limg o P(Mg) = 1, we get the desired result. O

6. ESTIMATING THE PROBABILITY OF HAVING TwO OR MORE
FEIGENVALUES IN AN INTERVAL.

The results from the previous section show that the local distribu-
tion of the eigenvalues of the matrix C") can be approximated by

the direct sum of the local distribution of [Inn] matrices of size [{],
C%N),CEN), e ,C[(l]!i]. These matrices are decoupled and depend on in-

dependent sets of Verblunsky coefficients; hence they are independent.
27b

For a fixed point e’ € 9D, and an interval Iy = (ei(90+27rTa), e O+,
we will now want to control the probability of the event “CY) has k



30 MIHAI STOICIU

eigenvalues in Iy.” We will analyze the distribution of the eigenvalues

of the direct sum of the matrices C§N),C§N), e ,C[(lﬁ?l].

that, as n — o0, each of the decoupled matrices C,E,N) can contribute
(up to a negligible error) with at most one eigenvalue in the interval
Iy.

For any nonnegative integer m, denote by A(m,C,I) the event

We will prove

A(m,C,I) = “C has at least m eigenvalues in the interval I” (6.1)
and by B(m,C, I) the event
B(m,C,I) = “C has exactly m eigenvalues in the interval I” (6.2)

In order to simplify future notations, for any point e € 9D, we also
define the event M (e?) to be

M(e") = “e is an eigenvalue of CM)” (6.3)

We can begin by observing that the eigenvalues of the matrix C()
are the zeros of the N-th paraorthogonal polynomial (see (1.2)):

q)N(Z?dM?ﬂ) = Z(I)N—1<Z>d,u) _E(I)R—l(z?dﬂ) (64)
Therefore we can consider the complex function
BzPn-1(2)
By(z) = PE2N1E) (6.5)
Py (2)

which has the property that ®y(e?) = 0 if and only if By (e?) = 1.
By writing the polynomials ®y_; and ®3%_; as products of their
zeros, we can see that the function By is a Blaschke product.
Let ny : [0,27) — R be a continuous function such that

By(e?) = et (©) (6.6)

(we will only be interested in the values of the function 7y near a fixed
point €% € D). Note that for any fixed § € 9D, we have that n(0) is a
random variable depending on o = (g, g, ..., an_2,any_1 = ) € (L.

We will now study the properties of the random variable ny(60) =
nn (0, g, a1, ..., an_2,3). Thus

Lemma 6.1. For any 6, and 0, the random wvariables 8—(;%(91) and
nn(02) are independent. Also for any fixed value w € R,

B (e

nn(02) = w) =N (6.7)
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Proof. The equation (6.5) gives

nn () =+ 7(6) (6.8)
where €7 = 3 and €7(?) = ;?”—(129) Since the distribution of each of

the random variables ag, a1, ..., any_s and [ is rotationally invariant,
for any 6 € [0,27), v and 7'(9) are random variables uniformly dis-
tributed. Also, it is immediate that v and 7() are independent. Since
v does not depend on 0, for any fixed 6,0, € [0,27), we have that the
random variables 22 “-(01) and ny(02) are independent.

We see now that for any Blaschke factor B,(z) = =, we can define
a real-valued function 7, on 0D such that

e @ = B, (") (6.9)

A straightforward computation gives

alrla (9) o 1 _ |a'|2
00 " et —af?

Since By is a Blaschke product, we now get that for any fixed o € €2,
a"N has a constant sign (positive). This implies that the function 7y

1s strlctly increasing. The function By(z) is analytic and has exactly
N zeros in D and therefore we get, using the argument principle, that

>0 (6.10)

877N
0)do = 27N 6.11
a0 =2 (611)
Note that %% does not depend on 3 (it depends only on g, g . . ., an_2).

Also, using the same argument as in Lemma 3.1, we have that for any
angles 6 and ¢,

ony Ny
= (0) = 20— ) (6.12)

where 7 is the function 7 that corresponds to the Verblunsky coefficients
= Feq |k =0,1,...,(N —2) (6.13)

Since the distribution of «ag, aq,...,ay_o is rotationally invariant,
we get from (6.12) that the function 9 —E (am" (6)) is constant.

Taking expectations and using Fubini’s theorem (as we also did in
Lemma 3.1), we get, for any angle 6y,

2rN = E ( O Znév ) d9> /OQWE (a(;’—g(e)> 0 = 27 E (agg (90>>
(6.14)

E (%(90)) =N (6.15)

and therefore

06
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Since for any 6,6, € [0,27), we have that 877N 2(01) and ny(02) are
independent, (6.15) implies that for any fixed value w € R,

0

E 77N 91 "I]N (92 =w| =N (616)
00

0l

We will now control the probability of having at least two eigenvalues

in Iy conditioned by the event that we already have an eigenvalue at
one fixed point ¢t € Iy. This will be shown in the following lemma:

Lemma 6.2. With C™N)| Iy, and the events A(m,C,I) and M () de-

fined before, and for any €' € Iy, we have

(b—a)
2m

Proof. Using the fact that the function § — E (%’eﬂ(G)) is constant and
the relation (6.16), we get that

90+27rb a
9nN
E / 1) do
( 00_’_2]7{;1 89 ( 1) !

We see that
dy(e?) =0 < By(e?)=1 < ny(0) =0 (mod 27)  (6.19)

Therefore if the event A(2,C™), Iy) takes place (i.e., if the polyno-
mial ®y vanishes at least twice in the interval Iy), then the function

nny changes by at least 27 in the interval Iy, and therefore we have
that

P(A(2,c™NM Iy) | M(e™)) < (6.17)

nn(62) = w) =271 (b—a) (6.18)

27b

6o+ 210
/ YO oy i > o (6.20)
oo+2ze 00

whenever the event A(2,C™"), I) takes place.

For any 6, € Iy and any ﬁxed m € Z, we have, using the indepen-
dence of the random variables 2L () and ny (62) for the first inequality
and Chebyshev’s inequality for the second inequality,

P <A(2,C(N), Iy) ‘ nn(6h) = 27Tm>

90+2’”’
<P / aﬁN(@)d9>27r‘nN 0,) = 2mm
0 00

O+27‘ra

90+27rb
<1p (/ 9N () ap ‘ n(61) = 27rm> (6.21)
e 08

27T o+ 2]7\1"11
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The previous formula shows that we can control the probability of
having more than two eigenvalues in the interval Iy conditioned by the
event that a fixed €' is an eigenvalue. We now obtain, using (6.18)
with w = 27m,

P(A(2,c™ Iy) | M(e™)) < (b—a) (6.22)
O

We can now control the probability of having two or more eigenvalues
n [N.

Theorem 6.3. With CN)| Iy, and the event A(m,C,I) defined before,
we have

N2
P(A(2,¢™N) Iy)) < (b—a) (6.23)
Proof. For any positive integer k, we have
1 [+ .
P (B(k,C™, Iy)) = E/e 2 P (B(k,C™) Iy) | M (")) N dun(0)
o+ 3
’ (6.24)

(where the measure vy is the density of eigenvalues). .
Note that the factor % appears because the selected point e where
we take the conditional probability can be any one of the k points.

Since for rotation invariant distributions, the density of zeros mea-
sure converges to the uniform measure on the unit circle and the matrix
C™) has N eigenvalues on the unit circle, we get

df
Ndvy — N o (6.25)

Since for any k£ > 2 we have % < %, we get that for any integer £ > 2
and for large N,

N[O+ ,
P (B(k,Cc™, Iy)) < —/ U P (B(k,CY, Iy) | M()) @
2 90+27rTa 2
(6.26)
and therefore,
o+ 25t
P, 1) <3 [T B (a@e, 1) | aren) £
6o+ 2z 2
N
(6.27)
Using Lemma 6.2, we get
N (b— b—a)’
P(A(2,C™) Iy)) < ) ( N“> (b—a)= ( 2a) (6.28)

O
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Theorem 6.4. With C(N),CiN),CéN),. ¢ I, and the event A(m,C, )

1 Ullnn)

defined before, we have, for any k, 1 < k < [lnn],

P (A(z,c,gm, [N>) —0((Imn)?)  as n— oo (6.29)

Proof. We will use the previous theorems for the CMV matrix C,iN).
Recall that N = [Inn] [%], so O (([lnn])_Q) = O (([In N])_z). Since

Inn

this matrix has [#} eigenvalues, we can use the proof of Lemma 6.2

to obtain that for any e € Iy,

P (an i no ren) < LU0 [ ot oy

The proof of Theorem 6.3 now gives

P (A(z,c,gm,fN)) < (Qb[;l Z?

and hence (6.29) follows. O

(6.31)

This theorem shows that as N — oo, any of the decoupled matrices

contributes with at most one eigenvalue in each interval of size %

7. PROOF OF THE MAIN THEOREM

We will now use the results of Sections 3, 4, 5, and 6 to conclude that
the statistical distribution of the zeros of the random paraorthogonal
polynomials is Poisson.

Proof of Theorem 1.1. It is enough to study the statistical distribution

of the zeros of polynomials of degree N = [Inn] [ﬁ] These zeros

are exactly the eigenvalues of the CMV matrix CV)| so, by the results
in Section 5, the distribution of these zeros can be approximated by

the distribution of the direct sum of the eigenvalues of [Inn] matrices
(N) ~(N) (N)
Cr Gy Cly-

In Section 6 (Theorem 6.4), we showed that the probability that

any of the matrices C§N),C§N), e ,C[(gi] contributes with two or more
eigenvalues in each interval of size % situated near a fixed point e €
dD is of order O([lnn]~?). Since the matrices CfN),CéN), . ,C[(g;] are
identically distributed and independent, we immediately get that the
probability that any of these matrices has two or more eigenvalues in

an interval of size 1 situated near ¢ is [Inn] O([In n] %) and therefore

converges to 0 as n — oo.
We can now conclude that as n — oo, the local distribution of the

eigenvalues converges to a Poisson process with intensity measure n %
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using a standard technique in probability theory. We first fix an interval
Iy = (/005 ¢i0+5)) near the point e (as before, we take N =
n

Inn] [{=]). Let’s consider [Inn] random variables X1, Xa, ... Xjnn

where X = number of the eigenvalues of the matrix C,(CN) situated in
the interval Iy and let S,(Iy) = X; + X5 + ... 4+ Xy Note that

Sy (Ix) = the number of eigenvalues of the matrix CM) situated in the
interval Iy. We want to prove that

Tim P(S, (Iy) = k) = e—<b—a>(b;—ﬂ)k (7.1)

Theorem 6.4 shows that we can assume without loss of generality

that for any k,1 < k < [Inn], we have X € {0,1}. Also, because of

rotation invariance, we can assume, for large n
(b—a)
[In n]

(b—a)

[lnn|

P(X,=1) = (7.2)

P(X,=0)=1— (7.3)

The random variable S, (Iy) can be now viewed as the sum of [Inn)|

Bernoulli trials, each with the probability of success ([ll’;%)

which converges to e‘A’,\g—T, where A = [Inn] ([Il);z]) = (b—a), and therefore
we get (7.1).

Since for any disjoint intervals Iy, 1 < k < [Inn] situated near ¢’
the random variables S,,(Iy ) are independent, (7.1) will now give (1.6)
and therefore the proof of the main theorem is complete.

and therefore

0o
)

O

REMARKS

1. We should emphasize the fact that the distribution of our random
Verblunsky coefficients is rotationally invariant. This assumption is
used in several places and seems vital for our approach. It is not
clear how (or whether) the approach presented here can be extended
to distributions that are not rotationally invariant.

2. In this paper, we study the statistical distribution of the zeros
of paraorthogonal polynomials. It would be interesting to understand
the statistical distribution of the zeros of orthogonal polynomials. A
generic plot of the zeros of paraorthogonal polynomials versus the zeros
of orthogonal polynomials is
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In this Mathematica plot, the points represent the zeros of paraorthog-
onal polynomials obtained by randomly choosing ag, aq, . .., agy from
the uniform distribution on D(0, %) and a7y from the uniform distri-
bution on dD. The crosses represent the zeros of the orthogonal poly-
nomials obtained from the same ag,aq, ..., ag and an azg randomly
chosen from the uniform distribution on D(0, 3).

We observe that, with the exception of a few points (corresponding
probably to “bad eigenfunctions”), the zeros of paraorthogonal polyno-
mials and those of orthogonal polynomials are very close. We conjec-
ture that these zeros are pairwise exponentially close with the exception
of O((In N)?) of them. We expect that the distribution of the argu-
ments of the zeros of orthogonal polynomials on the unit circle is also
Poisson.

3. We would also like to mention the related work of Bourget, How-
land and Joye [5] and of Joye [15], [16]. In these papers, the authors
analyze the spectral properties of a class of five-diagonal random uni-
tary matrices similar to the CMV matrices (with the difference that
it contains an extra random parameter). In [16] (a preprint which ap-
peared as this work was being completed) the author proves Aizenman-
Molchanov bounds similar to the ones we have in Section 3.
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