POISSON STATISTICS FOR EIGENVALUES:
FROM RANDOM SCHRODINGER OPERATORS
TO RANDOM CMV MATRICES

MIHAI STOICIU

ABSTRACT. We give a brief overview of the results and methods
used in the study of the statistical distribution of eigenvalues for
random Schrédinger operators and random CMV matrices.

1. INTRODUCTION

The study of the spectra of random Schrodinger operators and the
distribution of their eigenvalues was initiated by the very important pa-
per of Anderson [4]. Anderson showed that certain random lattices ex-
hibit absence of diffusion, a phenomenon which is now called Anderson
localization.

The first rigorous mathematical proof of the Anderson localization
was obtained by Goldsheid, Molchanov and Pastur [10]. They studied
a special case of the continuous one-dimensional random Schrodinger
operator, where the potential was defined using Brownian motion on a
Riemannian manifold.

A few years later, Frohlich and Spencer analysed a model of discrete
Schrodinger operator called the Anderson tight-binding model. In [8],
they obtained the first proof of the Anderson localization for multi-
dimensional Schrodinger operators. Different proofs of the Anderson
localization were discovered later; we will only mention the the proof of
Aizenman and Molchanov [3], which is relevant for the topic considered
here.

Recent developments in the theory of orthogonal polynomials on the
unit circle have emphasized the importance of a new class of unitary
matrices, the CMV matrices. These matrices can be seen as unitary
analogues of the self-adjoint Jacobi matrices (see [19] and [20] for a de-
tailed presentation of the theory of orthogonal polynomials on the unit
circle and CMV matrices). Many of the techniques used in the study
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of random Schrodinger operators can be adapted to random CMV ma-
trices. Localization results for random orthogonal polynomials on the
unit circle and random CMV matrices can be found in [23] and [20].

In addition to the Anderson localization, one can also study the sta-
tistical distribution of the eigenvalues. It turns out that in the regimes
where the Anderson localization is expected, the local statistical dis-
tribution of the eigenvalues of the random Schrodinger operators is
Poisson. This means that there is no local correlation between these
eigenvalues.

The first result on the local structure of the spectrum of the one-
dimensional Schrédinger operators was obtained by Molchanov in [16].
This result was extended to the multi-dimensional Anderson tight-
binding model by Minami [14], using [3].

A similar result holds for the eigenvalues of random CMV matrices;
see [21] and [22]. More precisely, for some classes of random CMV
matrices, the local statistical distribution of the eigenvalues converges
to the Poisson distribution. This is equivalent to the fact that the
local distribution of the zeros of random paraorthogonal polynomials
on the unit circle converges to the Poisson distribution. The result
was extended from paraorthogonal polynomials to regular orthogonal
polynomials by Davies and Simon in [7].

2. RANDOM SCHRODINGER OPERATORS

The one-dimensional continuum random Schrodinger operator stud-
ied by Goldsheid, Molchanov and Pastur was defined by:

d2
Cde?

where ¢(t,w) is a stationary random potential.
More precisely,

H(w) = +q(t,w), teR, weq (2.1)

q(t,w) = F(a(w)) (2.2)
where z4(w) is the Brownian motion on a compact manifold K and
F: K — R be a smooth nonflat Morse function.

Goldsheid, Molchanov and Pastur proved in [10] that the operator
H = H(w) defined by (2.1) has pure point spectrum for almost all
w € Q (i.e., a complete system of eigenvalues in L*(R)). This result
was strengthened in [15] by Molchanov, who showed that with prob-
ability 1, each eigenfunction of the operator H = H(w) defined by
(2.1) decreases exponentially. Thus, (2.1) was the first model of one-
dimensional random Schrodinger operators for which a mathematical
proof of the Anderson localization was obtained.



POISSON STATISTICS FOR EIGENVALUES 3

In addition to the Anderson localization, one can also study the local
structure of the spectrum. The main question is whether the energy
levels are correlated or not. This issue was settled by Molchanov, who
proved in [16] that there is no local correlation between the eigenvalues
of the operator defined by (2.1).

In order to describe Molchanov’s result, let Hy = Hy (w) be the ran-
dom one-dimensional Schrodinger operator on L?(—V, V') with Dirich-
let boundary conditions. Denote by Ny (I) the number of eigenvalues
of the operator Hy situated in the interval I. Then, for any fixed

a; < by < ay < by <--- < a, <b, and any nonnegative integers
ki, ko, ... kn,
lim PNy (E, 0 B Dy =g (2.3)
Sm vifo+ 5 Bot oy 1y - :
a b
Ny (Eo+ 2 By + 2n) = kn> 2.4
v (B + o Fo+ 57) (24)
k1
— e*(blfal)n(Eo) ((bl - a’l)n(EO)) I (25)
kq!
kn
e—(bn—an)n(Eo) ((bn — a;;) TL(EO)) (26)

This means that the local statistical distribution of the eigenvalues
of the operator Hy (rescaled near Fy) converges, as V' — oo, to the
Poisson point process with intensity measure n(FEy) dz, where dz de-
notes the Lebesgue measure. Hence, Molchanov’s result [16] shows that
there is no local correlation between the energy levels of the random
one-dimensional operator (2.1).

The next challenge for mathematical physicists was to see whether
a similar result holds for multi-dimensional Schrodinger operators. A
positive answer to this question was given by Minami in [14], who
showed that near energies where Anderson localization is expected
(more precisely, in regimes where the Anderson localization holds via
[3]), there is no correlation between the eigenvalues of the Anderson
tight-binding model.

In order to describe Minami’s result, let H = —A + V, be the stan-
dard Anderson tight-binding model acting in [2(Z%) and let H* =
xA H xa be the truncated Schrodinger operator corresponding to the
hypercube A C Z?. Also let G*(z) = (H* — z)~! be the resolvent
associated to HY. If Ey(A) < Ey(A) < --- < E,(A) are the eigenvalues
of H", then we can define the integrated density of states:

1
N(E) = lim —

ATZd |A| #{]7 E](A) S E} (27)
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and the density of states:
n(E) =dN(F)/dE (2.8)

Note that if n(F) > 0, then the average spacing of the eigenvalues
near the energy E is of order |A|7'. Consider the rescaled spectrum
(near E):

§(A, E) = [A](E;(A) — E) (2.9)
and the corresponding point process
ENE) =) denm (2.10)
J
Minami proved in [14] that, under suitable conditions:
d
(A E) A2 Poisson point process of intensity n(FE) (2.11)

This means exactly that there is no correlation between the eigen-
values of H” if A is large.

We should mention here that one of the main ingredients of the proof
is the following technical lemma:

Im GMz; 2, 2) Im G (2;2,y)
E {det ( ImGA(z;y,x) ImGA(z;y,y) S C (212)

where the constant C' depends only on the distribution of the potential
V' =V,,. This result is referred to as the “Minami trick”. It is worth to
mention that (2.12) encodes a spectacular and somewhat mysterious
cancelation that has found applications to other questions in mathe-
matical physics; see for example [13].

3. RanDoM CMV MATRICES

Recent work of Cantero, Moral and Veldzquez [5] emphasized the
importance of a new class of unitary random matrices called now CMV
matrices. These matrices are intimately connected with the orthogonal
polynomials on the unit circle (see the monographs [19] and [20] on the
theory of orthogonal polynomials on the unit circle).

The CMV matrix is a five-diagonal matrix realization for the uni-
tary operator z — zf(z) on L?*(T;pu), where p is a non-trivial prob-
ability measure on the unit circle T (we call a measure non-trivial if
it is not supported on finitely many points). For any such measure
we can apply the Gram-Schmidt procedure to the set of polynomials
{1,2,2%,...} € L*(T, 1) and get the set of monic orthogonal polyno-
mials {®g(z,dp), ®1(z,dp), ®o(2,dp), ... } € L*(T; u).

These polynomials obey the recurrence relation

Dpi1(2z,dp) = 2Pk (2, du) — @, Pi(z, du) k>0 (3.1)
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where, for @y (z) = Zf:o b;z, the reversed polynomial ®(z) is defined
by ®i(z) = Z?:o by_;27. The recurrence coefficients {c, }n>o are called
Verblunsky coefficents and are complex numbers of absolute value < 1.

If we apply the Gram-Schmidt algorithm to the sequence { 1, z, 271,

22, 272 ...} we get the set { xo(2), x1(2), x2(2), ... }, which is a
basis of L?(T; ). The CMV matrix associated to the measure j is the
matrix representation of the operator f(z) — zf(z) on L?(T; ). It has

the form:

&g upo  P1Po 0 0
Po —Q1ay —piQyg 0 0 ..
C— 0  aopr  —anpay aspx P3Pz .- (3.2)
0 P2p1  —pP201 — Q30 — P30
0 0 0 O_é4p3 —Q4Qi3

where pr, = /1 — |y |?

Note that the Jacobi matrices obtained in a similar way for orthog-
onal polynomials on the real line are tri-diagonal matrices. As in the
case of orthogonal polynomials on the real line, an important connec-
tion between CMV matrices and monic orthogonal polynomials is

®,(2) = det(zI —C™) (3.3)

where C™ is the upper left n x n corner of C.
If |a,—1]| = 1, then the CMV matrix decouples between (n — 1) and
n. The upper left corner is an (n X n) unitary matrix
cm =c (3.4)

- Y{ao,o1,ean—1}

We will consider random CMYV matrices and study the statistical dis-
tribution of their eigenvalues. We will randomize the matrix CEZLMM%A}
by taking independent identically distributed random variables «y, oy,

.., yy_9. The last variable, «,,_; will be chosen to be uniformly dis-
tributed on the unit circle. As in the case of random Schrodinger
operators, for various classes of n x n random CMYV matrices, the local
statistical distribution of the eigenvalues of these matrices will converge
(as n — o0) to the Poisson distribution. This fact indicates that, as
n gets large, there is no local correlation between these eigenvalues.
The following theorem can be found in [21] (and will be extended to

singular distributions in Theorem 3.2):

Theorem 3.1. Consider the random CMV matrices C™ = C™

{a0,01,..,on—1}
where ag, Ay, . . ., ay_o are i.i.d. random variables distributed uniformly
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in a disk of radius r < 1, and ay,_1 is another random variable indepen-
dent of the previous ones and uniformly distributed on the unit circle.

Consider the space Q, = {a = (g, 1,...,0,_2,a,_1) € D(0,r) X
D(0,7) x---x D(0,r) x T} with the probability measure P,, obtained by
taking the product of the uniform (Lebesgue) measures on each D(0,r)
and on T. Fiz a point €0 € T and let (™) be the point process defined
by (™ = S"7_ 5., where {z1,22,...,2,} are the eigenvalues of the
matriz C™ (each eigenvalue z; depends on ag,an, ..., 0,_1).

Then, on a fine scale (of order %) near €%, the point process (™) con-
verges to the Poisson point process with intensity measure n % (where
% is the normalized Lebesque measure). This means that for any fived
a; < by < ay < by < --- < ay, < by, and any nonnegative integers
ki, ks, ..., Lk, we have

B (G0 (10050 0SB ) (or ) )

—(bm—a (bm - am)km
k—l! PR 6 (bm m)T (3-5)

as n — Q.

The result is similar to the ones obtained for random Schrodinger
operators by Molchanov and Minami (see Section 2). All three proofs
use the same road map towards obtaining the Poisson distribution in
the limit:

1. uniform estimates on the resolvent

2. control of the eigenfunctions

3. decoupling of the random matrix into smaller identical blocks

4. proving that the smaller blocks cannot contribute two or more
eigenvalues in given intervals

5. obtaining the Poisson distribution as a limit of Bernoulli distri-
butions

We will give a few more details about this road map, following [21].
For the random CMV matrices considered in Theorem 3.1, we can
prove that there exist two constants C' and D such that for any z € C,
|z] <1 and any s < 1,

E (\Fkl(z,cg"))\s> < CeDlk-l (3.6)
where
(n)
Fia(2,C{") = C((In) — (3.7)
Caw — 2],
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(n)
is the entry in row £ and column [/ of the matrix [g?n)“} . This idea (of
—z

controlling fractional moments of the resolvent) oriixginates from [3].
The steps for getting the exponential decay of E (‘Fkl(z,cc(y"))’ >

(relation (3.6)) are:
a) Uniform upper bound for all the fractional moments:

s 22—
E <‘Fkl(z,6&”))} ) = cos 2 (38)
2

b) Uniform decay on rows: For every € > 0 there exists a k. > 0
such that for any k > k. and for any 7, we have

E (|Fn(C00[") <& (3.9)

c¢) Spectral averaging estimate (i.e. evaluating the conditional ex-
pectation using a finite rank perturbation)

. 4
E <\Fkk(z,cg">)| | {ai}#k> < 32 (3.10)

d) Uniform decay implies uniform exponential decay
E (\Fkl<z,cgn>)\s) < Ce~ DIkl (3.11)

for some positive constants C, D > 0. This follows from a method de-
veloped by Aizenman et al. which shows that fast power decay implies
exponential decay.

The bounds (3.6) can be used to prove that the eigenfunctions of

the random matrix C{" are exponentially localized with probability 1.
We should mention that in this step we use Simon’s extension to CMV
matrices (see [17]) of a result of Aizenman on dynamical localization
for Schrodinger operators (see [1]). We should mention that this is one
of the places where our assumption that the common distribution of
the Verblunsky coefficients oy is rotation invariant is critical.

The exponential localization allows us to decouple the CMV matrix
¢ = ¢, More precisely, we can consider another unitary matrix
¢ = ¢ which decouples into the sum of [Inn] smaller identical

unitary matrices:

M =CMalMe. .  oc™ (3.12)

[Inn]

such that the statistical distribution of the eigenvalues of the matrix
Cc™ is the same as the statistical distribution of the eigenvalues of the
matrix C™.
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For any p, 1 < p < [Inn], we consider the point process (P =

EZL] 5z1<€p), where zip ), zép ) z[(: } 1n ) € the eigenvalues of the matrix

C{™. Therefore (™ can be approximated by Zﬁi’ﬂ ¢P) . This means
that the point process ¢ is infinitely divisible as n — co. References
for the general theory of point processes are [6] and [11].

The next step is to prove that each small matrix C}S”) contributes at
most one eigenvalue in the interval of size % This follows from the fact

that for any ¢ € T and any interval I, of size % near ¢ we have
P, (C(”’p)(In) >2)=0(lnn]™?) as n— oo (3.13)
which implies
[In n]
P, (¢™P(1,) >2) — 0 as n— o0 (3.14)
p=1

1

Hence an interval of size - contains & eigenvalues if and only if exactly

k of the matrices C~£"), (?én), . ,CN[(IZ)H] contribute one eigenvalue in the
interval I,,. This is exactly a Bernoulli distribution and its limit is a
Poisson distribution. Hence we conclude that the limit ¢ is a Poisson
point process.

Theorem main shows that if oy, 0 < k < (n — 2) are uniformly
distributed on a disk of radius » < 1, then the eigenvalues of the cor-
responding CMV matrix C™ are not locally correlated for large n. A
natural question is whether this result can be extended to different
types of distributions for the Verblunsky coefficients «4. It turns out
that the rotation invariance was critical in several places, but we can
allow distributions that are singular with respect to the Lebesgue mea-
sure. Thus, if for r € (0,1) we denote by C(0,r) the circle centered at
the origin and of radius r, we get:

Theorem 3.2. Consider the random CMV matrices C™) = CEZ?WL“_?%A}
where ag, A, . . ., ap_o are i.i.d. random variables distributed uniformly
in a circle of radius v < 1, and «,_1 is another random variable in-
dependent of the previous ones and uniformly distributed on the unit
circle.

Consider the space Q, = {a = (ag, a1, ..., 0n_o,0,_1) € C(0,7) X
C(0,7) x ---xC(0,7) x T} with the probability measure P,, obtained by
taking the product of the uniform (one-dimensional Lebesque) measures
on each C(0,7) and on T. Fiz a point €% € T and let (™) be the point
process obtained from the eigenvalues of the truncated CMYV matriz

cm.
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Then, on a fine scale (of order %) near €% the point process () con-

verges to the Poisson point process with intensity measure n 2 (where

2
% is the normalized Lebesque measure). This means that for any fized
a; < by < ay < by < --- < ay, < by, and any nonnegative integers

ki, ks, ..., ky,,, we have

B (G0 (10050 0SB g (or ) )

by — h bm_ m Fom.
~(br—an) { 1—k1?1) Gl i ka, ) (3.15)

as n — oQ.

Proof. The proof is similar to the proof of the Theorem 3.1, with a some
modifications required by the fact that we use a different probability
distribution for the random Verblunsky coefficients.

With the exception of (3.10), all the steps outlined before hold when
we replace the uniform distribution on the disk or radius r with the
uniform distribution on the circle of radius 7.

Lemma 3.3 (see below) shows that the conditional moments of order
s with s € (0, %) are uniformly bounded. A standard application of
Holder’s theorem implies that the result in Lemma 3.3 holds for all
s € (0,1).

We should also mention that Aizenman’s theorem for orthogonal
polynomials on the unit circle (see [17]) holds for the distribution Ver-
bunsky coefficients uniformly distributed on the circle of radius r. As
in the proof of Theorem 3.1, we can now derive the exponential decay
of the fractional moments of the resolvent of C".

Once we have the exponential decay of the fractional moments of the
matrix elements of the resolvent of Cc(yn), we can follow the same route
as in the proof of Theorem 3.1 (the eigenfunctions are exponentially
localized, the matrix Cén) can be decoupled, and the decoupled matrices
contribute at most one eigenvalue in each interval of size O(+)) to
conclude that (3.15) holds, that is, the local statistical distribution of

the eigenvalues of ci™ is Poisson.
O

We will now give the analog of (3.10) for the case of Verblunsky

coefficients uniformly distributed on C(0, 7).
Lemma 3.3. For any s € (0,3), any k, 1 <k <n, and any choice of

a=aqg,Qaq,...,0,_1 as in Theorem 3.2,

E <}Fkk(z,cgf))\s | {ai}#k) < K(s,7) (3.16)
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1-2s

where a possible value for the constant is K(s,r) =4 -64° - @W

Proof. Using properties of orthogonal polynomials on the unit circle
(see [9], [12] and also [21] and [22]), the dependence of Fkk(z,C,gn)) on
oy 1s of the form

2

aptws
14+arwa2

Fre(z,CY) = (3.17)

1—’(1)1

where wq,ws € C are complex numbers of absolute value strictly less
than 1 that do not depend on ay.
Therefore, in order to prove (3.16), it is enough to find a uniform

bound for
4 S
I = / du,(« 3.18
c(0,r) 1 + ak’wg — w1 (Oék + ’LUQ) H ( k) ( )
for any wy,ws € D, (p, denotes one-dimensional Lebesgue measure %

on C(0,7)).
Let ap = = + 1y, with ,y € R. Then

1 +akw2 — wl(ozk + U)g) = $(—w1 -+ 1U2) + y(—z’wl — Z"LUQ) + (1 — wl’LUg)

(3.19)
Let’s denote by M (x,y,w;,ws) the right-hand-side of the previous
equation.
Then
4 S
dpir () < min {1, I 3.20
/0(077") M<I7y7w17w2) /1/ ( k) { 1 2} ( )
where
I / 1 . -
- r(& an .
1 c(o,r) Re M(m) Y, Wy, w2) H k
4 s
: :/ G 3.22
2 c(or) Im M(l’, Yy, Wy, WQ) H ( k) ( )

Let € > 0 (we will choose € later). If |wy —w;| < € and |wy+wq| < €,
then | M (z,y, wy, ws)| > 1 — 2 — 2. We immediately get

/cm,T) : dur(ay) < (L) 8 (3.23)

M (z,y,wy, ws) 1—2e—¢2
If at least one of the complex numbers (wy — wy) and (wg + wy) is
greater or equal in absolute value than ¢, then at least one of

M, (w1, ws) = /(Re(wy — wy))2 + (Re(—iw;, — iwy))2 and  (3.24)
My (wy,ws) = /(Im(wy — wy))2 + (Im(—iw;, — dw,))? (3.25)

S
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is greater than £/2. Without loss of generality, we can assume that
Ml(wl,wg) Z 8/2
Then

S

dpty (ak>

4
I =
1 /C(o,r) xRe (—wy + wg) + yRe (—iwy — iws) + Re (1 — wywy)
(3.26)

s

1
dﬂr(ak)

| ‘Ml(whwz)
(3.27)

4
:/ Re (—wi+ws2) Re (—iw1 —iwg) Re (1—wjw2)
cr) | T My (wi,w2) +y My (wi,w2) + My (w1,w2)
_/27r 1
= e

Let 6y = 0y(wy,w2) be an angle such that sinfy =

s
4

Re (—wi+ws2) . Re (—iwi —iws) Re (1—wiw2)

M (w1,w2) +sinf M (w1,w2) + r M (w1,w2)

*de
2

1
Ml(wh w2)
(3.28)

cos

Re (—wi1+w2)
M (w1,w2)

cos by = % and let Ky = Ko(wy,wsy,r) be defined by Ky =
Re(l—w1w2)
TM1(’w1,w2) :

Using (3.28), we get
o

8° /2“ tdo 8 /Qﬂ
I < — =
esrs Jo 2 esrs
(3.29)

Without loss of generality, we can assume that in the previous rela-
tion we have K, € [—1, 1] and therefore K, = sink, for a x € [0, 27).

Therefore,
e s /2”
2 esrs J,

The function sinx vanishes as fast as x at each zero. We actually
have

and

1
Sin(e + 60) + KU

1 *db

Sin@ + KO

o
2m

1

2 (sin(9+7”) COS(G_T’“‘))

1

2 (sin(eJrT”) sin(’“éﬂ))

(3.30)

(3.31)

2
|sinz| > —|xz| for each x € [—z, E]
T 22
so using (3.30) and the fact that the function sin vanishes twice in an
interval of length 27, we get

45 Z 1 do 92s+3 (1)1_25 ql-2s 1
I <4. — = A2/ otst2 3.32
= esrs /_g |9|25 2 esrs 1 —2s esrs 1 —2s ( )
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We can therefore conclude that for I defined in (3.18), we have

4 : |
I< e T S e pe—— 3.33
_max{<1—25—52) ’ esrs 1—25} (3:33)

For ¢ = %1 we get

71.1723

I1<4-64° ——— 34
=46 r$(1 — 2s) (3:34)

which is exactly (3.16). O

Theorems 3.1 and 3.2 show that if the Verblunsky coefficients are in-
dependent and identically distributed, then the statistical distribution
of the eigenvalues of the random CMV matrices obtained is Poisson (no
correlation). Recent work of Simon [18] showed that if the Verblunsky
coefficients are independent random variables and with exponentially
decaying distributions, then the eigenvalues of the CMV matrices repel
each other giving a “clock distribution” on the unit circle. It would be
very interesting to discover which distributions of the random Verblun-
sky coefficients give a transition in the statistical distribution of the
eigenvalues from non-correlation (Poisson) to repulsion (“clock”).
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