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Abstract

We study probability measures on the unit circle and the distri-
bution of the eigenvalues of the corresponding CMV matrices. We
describe various classes of CMV matrices whose truncations exhibit a
regular “clock” asymptotic eigenvalue distribution.
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1 The Basics

1.1 Orthogonal Polynomials

Orthogonal polynomials for a given measure u defined on D C C are simply
polynomials that are pairwise orthogonal in L?(D, dy). We will be interested
in the special case when D = 0D, the boundary of the unit disk, and u is a
nontrivial probability measure, i.e. u(0D) = 1 and the support of p is not
a finite set. Critical to this theory is the fact that multiplication by z is
unitary: We have

(o, 2g) = /8 IGNz0(:) die = /8 s TG)a) du = (fog)

since |z| = 1 on 9D that it is onto is similarly easy to show.
We’ll now use Gram-Schmidt to construct an orthonormal basis for the

span of {1,2,22,...,2"}. To make this precise we’ll introduce the following
notation:
Definition 1.1. Let eq,..., e, be linearly independent vectors with span M

and choose v & M. Then there exist unique vectors vy € M and v) € M+
such that v = v +vy. Define

s

= m, [[’U;el,...,en]] =vU]. (11)

[vser, ..., en]

Definition 1.2. Define the orthogonal polynomials {¢y, }n>0 and monic or-
thogonal polynomails {®,},>0 by o = ®g =1 and

®, =[2"1,2,...,2", on=[2"1,2,...,2"1] (1.2)
forn > 0.
Since {1, ...,¢n} is an orthonormal basis for the span of {1, z,...,2"}
we have
k—1
Op(2) = 2 = ) pi 2N (1.3)
=0

Since the inner products in (1.3) will reduce to terms of the form

(2%, 2) = /zizj du:/zji du

it is useful to make the following definition:



Definition 1.3. For a measure u define coefficients ¢y, called the moments
of p, by

Cn = /z” dp. (1.4)

Definition 1.4. Let the map R, : L*(0D,du) — L*(0D,du) be defined by

R (f)(2) = 2" f(2). (1.5)
If p is a polynomial of degree d, we’ll write p* for Ry(p).

If p(z) = > ya;z" is an nth degree polynomial, we can write an alter-
nate definition of p* in terms of its coefficients:

n

n n n
p*(z) =2" Z@Ei = Zai(z”zi) = Zaiz"*i = Zan_izi. (1.6)
=0 =0 =0

1=0

Definition 1.5. An onto map U: V — V s called antiunitary if for all
f,g €V and A € C we have

1L U(f+9)=Uf+Ug
2. UMNf) = \Uf
3. (Uf,Ug) = (9. f)-
Lemma 1.6. The map R, is antiunitary.

Proof. R, is onto since for all f € L?(0D, du) we have g = 2~ " f € L*(0D, dp)
and Rn,g = f. (1) and (2) are clear from the definition. To see (3) we note
that

(Ruf, Rug) = / 1) - 2"g(2) dp = / gD A (L)
- / 9 (=) dyi = (9. f).

Using this property of R,, we can prove the following theorem:

Theorem 1.7. (Szegd Recursion) For any nontrivial probability measure
on ID there is a unique sequence of numbers {au, }nen C D, called Verblunsky
coefficients, such that for all n

D, 11(2) = 2P,(2) — @ P (2). (1.8)



Proof. Clearly z®,, — @, ®;, is a monic polynomial of degree n+1, so all that
remains to show is that it is orthogonal to {1,z,...,2"}. Let 1 < k < n.
Then

(2F 2@, — @, @) = (2F, 2®,,) — @, (2F, ®F)

since ®,, L 2/ for 0 < j < n. Requiring orthogonality for k = 0 gives

0=(1,28, — a,®*)
(1,2®,) = (1,0,9%)

/ 2B,(2) dp = @, / O (2) dp

L OK) (1.9)

J @5 (2) dp
Using (1.9) as the definition for a,, we get (2®,, — @, ®}) L 2F for 0 <k <n
and hence 2®,, — @, ®} = ®,,+1. Rearranging (1.8) we get z®, = &1 +
@, ®,,. This, together with ®,,11 L ®} (since the degree of @} is <n ) and
the Pythagorean theorem gives

2 * (|2
2@ 1> = [Bng1 [ + lon|* [| @] (1.10)

Since multiplication by z is unitary and R,, is antiunitary we have [|z®, || =
| Py || = [|®}]|. Therefore (1.10) becomes

1@ns1l® = (1~ anl?) [ 2n]® (1.11)

which shows that |ay| < 1 (since we must have [|[®,41|| > 0) and hence
oy, € D. O

There are many interesting identities involving Verblunsky coefficients
and orthogonal polynomials. Firstly, we can easily recover «,, from ®,1:
setting z = 0 in (1.8) gives

©,41(0) = 28, (0) — @, 27, (0)

=0—-0o,



and hence
an = —P,41(0). (1.12)

We can also express ||®,| in terms of ag,ai,...,a,—1. Define new coeffi-
cients pr = y/1 — |a,|?. Then induction on (1.11) gives

[@nll = pop1 -+ pn-1. (1.13)
Combining this and (1.8) we get the recurrence relation for the ¢’s:
PrnPnt1(2) = 2pn(2) — Anpy(2).

Finally, applying R,+1 to the above equation and doing basic algebraic
maniuplation (see page 6 of [6]) yields four relations:

Prnent1(2) = 2¢n(2) — Wy (2) (1.14)
Prnpn+1(2) = ¢n(2) — anzon(2) (1.15)
Prnzon(2) = Pni1(2) + Wi (2) (1.16)
Prnpn(2) = ni1(2) + anpnia(2) (1.17)

Example 1.8. Let d\ be Lebesgue measure on JD, that is d\ = %. We
have

1 .
Cp = / A= — | e ™40 = 6,.
oD 27 Jop

This gives (2%, 27) = 0 for i # j and hence

n—1
Do) = 2" = 3 i, Mg = 2"
i=0
since the degree of ; is less than n. ||z"|| = 1 implies ¢, = ®,, = z". By

(1.12) we have that for all n
oy — —©n+1(0) =0

and hence p, = 1.



1.2 The CMYV Basis

Unfortunately, {¢,} is not necessarily a basis of L?(dD,du) (in fact, it is
a basis if and only if Y 7 |a,| = oo, see [4]). Since the Laurent poly-
nomials are always dense in C (0D) and hence in L?(0D,du), well in-
stead apply Gram-Schmidt to the polynomials {1,z,27% 22 272,...} and
{1,274, 2,272, 2%, ...}, to get the CMV basis {xn}>>, and alternate CMV
basis {xn}22 ), respectively:

xok = 2751, 2,271, 2R

k.q —1 k=1 _—k
xop = [2% 1,27 2, 0, 20 27

X2k—1 = [zk;17Z>Z_1a"'7zk_17z_k+1] k]

—k 1 Z*kJrl

1 - k—1
1,272, .., ]

Top—1 = [2 y %

We eventually want to write the matrix for multiplication by z in the CMV
basis, called the CMV matriz. Our immediate goal, however, will be to
express the CMV and alternate CMV bases in terms of one another.

Lemma 1.9. Let V be the span of normal vectors ey, ...,en. IfU:V =V
is either unitary or antiunitary, then for all v € V we have

U([vser,...,en]) = [Uv;Ues,...,Ue,], (1.18)
U([vser,...,en]) =[Uv;Ueq,...,Uey). (1.19)
Proof. First we’ll use Gram-Schmidt to find an orthonormal basis {wi, ..., w,}

for span{ej,...,ey,}. Routine linear algebra arguments show that that
{Uwy,...,Uw,} is an orthonormal basis for span{Uey,...,Ue,}. Thus

n

[vser,...,en] = [v;wi,...,wy] = U—Z(u}i,wwi
i=1

and
[Uv;Uey,...,Uey] = [Uv;Uwr,...,Uw,] =U — Z(Uwi, Uv)Uw;.
=1
If U is unitary we get

1

3
F

[Uv;Uey, ..., Uems1] = U<v —

:U<v—
1

=U([v;et,...,ems1])

)

3 <
Rl

(w00

<.
Il



while if U is antiunitary we get

m+1
[Uv;Uey, ..., Uemi1] = U<v - Z (Uwj, Uv>wj>
j=1
m+1
= U(v — (wjy, v)wj>

1

=U([v;et,...,emt1])-

<.
I

In either case U preserves lengths so we also get

[Uv;Uer, ..., Uemii] = U([vser, ..., emt1])-

O
Since ||2"|| = 1 for all n we can apply Lemma 1.9 to the definitions of
our various polynomials. Applying R, to the definition of ¢, gives
¢ = [Rn2"; Ry(1), Rn(2), ..., Ry (2" Y)] (1.20)
=[1;2,2%...,2". (1.21)
We can also pull out a z—* from the defition of o) to get
Top = [25;1,271 2, .., 28 2R
= o h[p2k Gk kol kel k=2 k422 2k=2 2kl
=27F[22%1, 2,22, ... 2272 %)
=2 .
Similar calculations yield
Xok—1(2) = 27" ooy 1 (2) Xok(2) = 2P hi(2) (1.22)
wok-1(2) = 2 031 (2) 2ok(2) = 2 F o (2). (1.23)

Now (1.15) for n = 2k — 1 gives
Pok = P2k—1P2k—1 — C2k—1P2k-
Multiplying through by z~* and applying (1.22) and (1.23), we obtain

X2k = P2k—1L2k—1 — O2k—1T2k-



Similarly combining (1.22) and (1.23) with different combinations of (1.14)-
(1.17), we get four new relations:

X2k—1 = O2k—1%2k—1 + P2k—122k X2k = P2k—1T2k—1 — O2k—1T2k
Zxo) = Qo X2k T P2k X2k+1 ZX2k41 = P2hX2k — X2k X2k+1-

These can be written more compactly as

<X2k1> — Oy y <1’2k1>, ( ZX2k ) _ @2k< X2k > (1.24)
X2k Lok ZL2k+1 X2k+1

where
0, = (O‘“ Pn ) . (1.25)

Example 1.10. If dy = d) is the Lebesgue measure we have

Xok—1(2) = zop(2) = 2* Xok(2) = zop_1(2) = 27",

and

1.3 The CMYV Matrix

Now we’re ready to write the CMV matriz C, the matrix for T, in the CMV
basis. For a linear transformation 7': V' — V and bases By and By of V'
let [T}gf denote the matrix representation of A with domain expressed in
B; and range expressed in By. For example in this notation the change of
basis matrix going from B to By would be [[] gf. For linear transformations
T,5:V — V and bases By, By, B3 of V we have

TS)5 = [T)5: (52 (1.26)
Let By = {xn}n>0 and B, = {2, }n>0. Defining matrices £ and M by
=15 M= (15, (1.27)
we see that (1.26) gives

C=[Lly = nAg = TIN5 = £m. (1.28)



Since

o0 o
Xi = D (i) 2wy =) (X 225) X
i=0 i=0
we have
Mij = (i, X;) Lij = (Xi» 225). (1.29)

Using (1.24) and the fact that xg = xo = 1, this gives

L=0)PO260,P0O5& - (1.30)
M=Iy1 GO, BO;HO5E - . (1.31)

Doing the matrix multiplication gives

@y Qipo  P1pPo 0 0
po —aiag —p1Qg 0 0
0 @agp1  —apan  Qzp2 P3P2

C=10 pp —pa —azas —psan (1.32)
0 0 0 Q4p3 —0 03
B, BJ

B1 By
— By BJ (1.33)
Bs Bg
where
By = <ak+1,0k ak+1ak> B, <a0>‘ (134)

Pk+1Pk  —Pk+10k Po

In summary, we get

Theorem 1.11. Let C be the matriz for multiplaction in the {xn}n>0 basis.
Then C = LM with £ and M defined as in (1.30) and (1.31). Furthermore,
C has the form given in (1.32) and (1.33).

Now (1.33) tells us that C has five nonzero diagonals. It’s interesting to
note that we could have deduced this only knowing that £ and M had two
nonzero diagonals:

10



Lemma 1.12. Let A be a matriz with 2m + 1 nonzero diagonals, and B a
matriz with 2n+1 diagonals. Then AB has 2 (m + n)+1 nonzero diagonals.

Proof. Suppose A has 2m + 1 diagonals, and B 2n + 1 diagonals. Let C' =
AB. Then for the ijth term of C, ¢;; = 0 if |i — j| > m + n. To see this,
note that ¢;; is the dot product of the ith row of A and the jth column of
B. Now, a;; # 0 if |k —i| < m, and by; # 0 if |h — j| < n. Then all the
products a;b,; are zero except when |r —i| < m and |r —j| < n. But if
this holds, then |i — j| < m + n. O

1.4 Finite and Cutoff CMV Matrices

In this section we will discuss two finite-dimensional matrices that we can
construct from a CMV matrix.

Definition 1.13. For complex numbers o, ..., B, € D let C(Bo, ..., B) be
the upper (n+ 1) x (n+ 1) block of the matriz given by formally substituting

o = B and pr, = /1 —|Bk[? in (1.32).

Example 1.14. For ag,...,a3 € D and py = /1 — |ag|? we get

g 01po  P1pPo 0
po  —Qa1ap —prog 0
- = . 1.
Clao,.--,a3) 0 agp —mar  azp2 (1.35)
0 pap1 —pron —azae

For a CMV matrix C = C(ap, a1, ...) we define the cutoff CMV matriz
Cc(™ by

c™ =Clag,...,an_1), (1.36)
and for 8 € 0D we define the finite CMV matrix ng) by

i =Cap, ..., an-2.B). (1.37)

2 Lebesgue and Inserted Mass Point

2.1 Finite Cutoffs of Lebesgue

Let us look at finite cutoff matrices of A, the CMV matrix associated with
the Lebesgue measure.

Theorem 2.1. Every eigenvalue of A(ﬁn) is an nth root of 3.

11



Proof. By equation (1.18), we know that ®,_1(z) = 2"~ ! since ay, = 0 for
0<k<n-—2. Hence

On(z) =2 Cnoa(2) = B D5 _41(2)
=2"-p-1
="

But we know from [6] that the eigenvalues of a finite matrix are exactly the

)

zeros of the paraorthogonal polynomial. Hence if A is an eigenvalue of A(ﬁn ,
then A" — 8 = 0. Therefore A" = 3.

2.2 Single Inserted Mass Point
Let us look at the case where our measure is
dpteio , = (1 —7)d\ + 0o

where A is the Lebesgue measure and 0,0 is the dirac measure centered at
¢, This is indeed a probability measure since

/ dueig,'y:(l_’}/)/ d)‘—i_f}// beio = (1 =)+~
oD oD oD
=1

as both dz and .6 are probability measures. This measure is often re-
ferred to as a “single inserted mass point” and we can find the Verblunsky
coefficients «y, explicitly for this example.

Theorem 2.2. If dju, , = (1 — v)d\ + 76, where w € OD then

2 —1 2, n—2
b = (o n e 21
n(z) =2 1+n7_7(wz +w 2" W) (2.1)
and (n1)
—(n
ap=2 7 (2.2)
1+ ny

12



Proof. We will begin by finding the moments associated with dpug -:

oD

=(1- ’y)/ 27 AN + ’y/ 27 "0y
oD oD
1— .
= 7/ e—ln9d9+7w—n
[0,27]

27
2
— 1 7 g efinH + ,wan
—2imn 0
= fyw_n
if n # 0. Hence we have
o 1 if n=0;
" yw™ ifn #£0.

We know from [4] that if L, = T"+DT where T 1 is the Toeplitz matrix,
in other words

cp C-1 C_9 C_pn
C1 €o -1 C—n+1

L,=|¢ C1 Co C_n+2
Cn Cpn—-1 Cp—2 - (&)

then the vector a™ = (5, L-16,) "' L."15,, where 6, = (0,0,...,1)T will be
exactly the coefficients of ®,,, the degree n monic orthogonal polynomial.
In other words, if a™® = (ag,ai,...,a,)" then ®,(2) = apz™ + an_12"" ' +
---+ a1z + ag. Note that in our case,

1 Yw yw? s W
7w‘1 1 Yw e fyw”_l
L, — A 1 c w2
vwi—n ,yw—.n—l—l ,yw—.n+2 . 1
=1—-v)I+~P

13



where

1 w w2 w”

wl 1 w wn—1

p_ w2 Wl 1 Won—2
w™ wfnJrl wfn+2 L. 1

Note that P is a rank 1 matrix since all columns are multiples of the
first column. Hence the column space has dimension 1. By the rank-nullity
theorem, this means that the nullspace of P has dimension n, since P is an
(n+1) % (n+1) matrix. Hence there is an n-dimensional subspace V C C**1
such that Pv =0Vv € V. Hence if ve V

Lyv=(1—-vv+yPv=(1-7v)v

Thus L, has (1 —7) as an eigenvalue with geometric multiplicity n. Now
consider the vector w = (W™, w1 ... W, 1)T. A simple computation shows
that Pw = ((n+ Dw™, (n + D™ 1 - (n+ Dw,(n+1))T = (n+ Dw.
Hence

Lyw=(1—-7)w+y(n+ 1w = (1+ny)w

Thus (1 + nvy) is the final eigenvalue of L,

Since L, is an (n + 1) x (n 4 1) matrix with n + 1 linearly independent
eigenvectors, it is diagonalizable, and hence its minimal polynomial is simply
a product of linear factors corresponding to distinct eigenvalues. In other
words if m(x) is the minimal polynomial of L,,, then

m(z) = (z — (1 —7))(z — (1+n7))
=22 - 2—y+ny)z+ (1 —7)(1+n).
Hence
Ly — (2=~ +n7) Ly = —(1 =) (1 +n)I
and therefore
Lyt ===y (1 +ny) Ly = 2= 5+ )]
= (=) ) A=A AP~ 2= 7 )]
= —(1=9)"' A +n) [P = (1 +n)I]

(1=l Y
B G T e

1
1

14



With this formula for L;! we can now calculate ®,. We know that

16, = 6, and P§, = (W™, ™!+ ,w,1)T =w, so
L46, =(1— )76, — 7 w
L =y
_ ™
(1—wﬂlﬁnw)
,Yw’VL*

T A-N0+ny)

o qw
(1-7)(1+nv)
9l

I—y = 0—)(1+m)

o ,waL
(l—vxlﬁnv)
ywn

(1-7)(1+nv)

o yw
(1—v)(1+nv)
1+ny—y
(1=v)(1+n7)

Hence (6, L 16,) = (15;)”(7“{1%) Now we can calculate a(™:
al™ = (8,, L, 16,) " L, 6,

yw™

- (=) {+n7)
W
L= tny | 0
L+ny—2 Y
(1=7)(1+nv)
1+ny—y
(1-v)(1+nv)
__qw”
14+ny—y
_ ,ywnfl
14+ny—y
__w
14+ny—y
1
Hence we have
d _.n Y n—1 n—1 n 2.3
n(z) =2 —1+n7_7(z + 0"z 4 W") (2.3)

as promised.

15



All that remains is to calculate a,,, but by (1.12) we know that

Ap—1 = _m
w™y
T
w "y
Trm—

since w € 0D. Hence

w_(”H)v

S 1+ (n+1)y—v
wf(nJrl),y

14+ ny

as desired.

O]

Now we want to consider finite cutoff matrices of the CMV matrices
associated with the single inserted mass point measures. As discussed above,

the eigenvalues of A(ﬁ")

how the single inserted mass point relates to this simpler case.

are simply the nth roots of 3. We would like to see

Theorem 2.3. Let C = C(dpy). Then if w™ = B, the eigenvalues of Cén)

are the nth roots of [3.

In other words, if the mass point is inserted somewhere where there
would already be an eigenvalue with only the Lebesgue measure, then none

of the eigenvalues are changed.

Proof. As proven above,

n—2
_ n—1 v (n—1)—k _k
D,_1(2) =2 1+n7_27kz_0w z

and hence

n—1
* 1 _ i Tk k
n-1(2) =1 1+n’y—27;wz

which gives

16



Knowing that f = w", we get

n—1 n—1
Y k_k g n E_ 7
®,(2)=2" — noR gk _ whwkz
n(2) 1+n’y—2fy; 1+n’y—2fy; p
5 n—1 ~ n—1
n n—k _k n—k _k o)
=z" - z" — z
1+n7—2'y; 14+ ny 27;1 p

since w = w L.

Hence, since the roots of the paraorthogonal polynomial are the eigen-
values of the finite matrix, if A is an eigenvalue of C(n), then A" = 8. O

3 Rotation of Measures

3.1 Results

In this section, we will be interested in the relationship between a CMV
matrix and a CMV matrix associated with the same measure, but rotated
by a certain angle. Specifically, we would like to show a simple relationship
between the Verblunsky coefficients of the two matrices. We will begin by
investigating the relationship between the moments of the two measures.

Lemma 3.1. Let p be a measure on the unit circle and let i1 be a measure
defined by fi(A) = u(e= A) for any measurable set A. Furthermore, let ¢,
be the moments of du and ¢, the moments of di. Then

Cp = e Mo | (3.1)

Proof. We know that:

En:/ z "dp
oD

:/ efinedﬁ(g)

oD

_ / e—meoe—m(e—ao)du(e - 90)
oD

_ e—iné'o / e—in(@—@g)d'u(g _ 90)
oD

— efmeo Cn

by definition of ¢,. O

17



Now we will move onto the orthogonal polynomials.

Lemma 3.2. Let p and ju be defined as in Lemma 3.1 and let ®,(z) and
©n(2) be the monic orthogonal and orthonormal polynomials respectively for

du and @,(z) and 3, (2) the same for dfi. If o, 0", &"), and B are
defined by
= qay +a1 Z—I-'--—I—agl”)z”

)
O,(2) =al” + @Mz 4 +amzn

a

Then we have that

a;ﬂn) _ ei(n—k:)eoag’l) (3.2)
and ~ .
b;(cn) _ ez(n—k)eobl(g”)' (3.3)

Proof. We will proceed by induction. Since ®o(z) = Po(z) = po(z) =
»o(z) = 1, the base case is trivial.

Let us now calculate the relationship between the coefficients of the
monic orthogonal polynomials and the preceding orthonormal polynomials.
We know from equation (1.3) that

n—1
CI)n(Z) =2z" - Z(‘P](Z), 2n>()0j
7=0
n—1 7
= 2" =D ei(2), 2" b
7=0 k=0

k=0 =k
and hence .
ol =3 pi(2), 2. (3.4)
j=k

18



This expression for a,(gn) is equally valid for E,(Cn) if we replace everything

by its analog for dji. Hence if {(-,-)) is the inner product in L?(0D, dji), then

n—1
a” =S435, )by
j=k

J )
_ <<Z ei(j—l)Gobl(J)Zl,Zn»
J N Dy
= 3 e pD (ot m
1=0
J )
_ Ze—i(j—l)ﬁobl(ﬂ)/ L
e oD
J )
S gy
1=0
J )
_ Z e—z‘(j—l)ﬁogl(ﬂ)e—i(l—n)%cl_n
1=0

J .
_ Z efi(jfn)eogl(J)clin
1=0

_ ei(nfj)ao (Z bl(j)zl, Zn)
=0
= I (2), )

by the induction hypothesis and equation (3.1).
With this new expression for ((¢;(z), 2™)) and the induction hypothesis,

19



we now find that
n—1
a = (@), 0oy

j=k

n—1
_ Z i(n=3)bo <<pj (), Zn>ei(j—k)6()b§g)
j=k

n—1
= 3 eI (2), 2y
=k

n—1
= 00 N5 (2), 2y
j=k

_ ei(n—k)éoal(cn)

by equation (3.4). Hence equation (3.2) holds; we must simply prove that
this implies that equation (3.3) holds.
We know from (1.13) that

_ B,,(z
n(z) = =2
PoP1 " Pn—1
but p; = /1 — |@;]?, equation (1.12), and equation (3.2) imply that
) = ~27(0)
= DD 1 (0)

This holds by the induction hypothesis for 0 < j < n — 2, and by the above
proof for j =n — 1. So

pj =1 — a5l
_ \/1 — Je=il+D00q |2

= /1= log?

for 0 < j <n—1. Thus



and hence
~(n)
O S
K popr e et
i(n—k)0o al(cn)

C pop1 Pt
o
_eiln=koo %k
PoP1 " Pn—1
_ _i(n—k)0g1(n)
— ez(n ) Obk

as desired.

O]

Next we must investigate the behavior of the paraorthogonal polynomials

if we are to deal with finite matrices.

Lemma 3.3. Let ®, 3 be the nth degree paraorthogonal polynomial associ-
ated with dp with 3 € JD the last inserted Verblunsky coefficient and let
P, —inogg be the nth degree paraorthogonal polynomial associated with dp.

Then if

D, =ag+a1z+---+ayz"
and N

b, =ag+a1z+---+ayz"
then

g = ei(n—k)Qoak

Proof. We know that:

O (2) = 2Pp1(2) — B (2)

n—1 -1
_ . Z (al(gn—l)zk) _3 (agn—ll)k k>
k=0 k=0
n—1
= 3 | (o5 - ) | - el
k=1
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so by Lemma 3.2
Oy (2) = 2Bn1(2) — e 03D}y (2)

n—1 -
= F (@) e ()
k=0 k=0
n—1 —

_ i(n—1—k)bp ,(n—1) _k+1 zn9 —zk&o k
= (e ay, z — Z a,_ 1 kz

k=0 o

n—1
i(n—k)do o (n- 1) k) S < z(nk)ega“:l_)kz’“)

[

[

VS
Cb

k=1 k=0
n—1 I e —
k=1
n—1
oy [ i(nfk)aoakzk] — in=0)00
k=1
It follows that equation (3.5) holds. O

Hence the same relationship holds between the coeflicients of the paraorthog-
onal polynomials as for the orthogonal polynomials.

And we finally have enough information to prove the following relation-
ship:

Theorem 3.4. Let p and i be defined as in Lemma 3.1. Let o, be the
Verblunsky coefficients for du and &, those for dpi and let C = C(ap, az, . . .)
and C = C(ag, a1,...). Then

1. &y = e intlog
2. If X is an eigenvalue of C™, then o) is an eigenvalue of ¢,

3. If X is an eigenvalue of Cﬁ , then €% X is an eigenvalue of 5(_’n90ﬂ
Proof. (1) follows from Lemma 3.2 by (1.12).
To prove (2), we must use the fact from [6] that the eigenvalues of €™

are exactly the zeroes of ®,(z). So if \ is an eigenvalue of C("™), then

/_\\/

O,(\) =a +alA+ .+

I
Mm

a
0

I
=1
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Thus by Lemma 3.2:
Bo(e®n) = 3 it \k
k=0

n
_ Z i(n—k)o aé”) oikbo \k
k=0

n
= Z ein@g al(;l) )\k
k=0
n

— inbo Z a;(gn) N
k=0
=0.

Hence €% ) is an eigenvalue of cm,

The proof of (3) is nearly identical to that of (2) , but we use Lemma
3.3 to show the relationship between the coefficients of the paraorthogonal
polynomials. O

3.2 Applications

We will now examine some consequences of the measure rotation formulas
derived in the previous section. We will begin with a useful definition.

Definition 3.5. We say that a measure p on the unit circle is periodic with
period Oy if u(A) = p(e™% A) for all measurable sets A.

And now we can prove an interesting corollary.

Corollary 3.6. Let ;1 be a measure on the unit circle with moments {cp }n>0
and Verblunsky coefficients {au, }n>0 and let k € ZT. Then the following are
equivalent:

1. p is periodic with period 2w /k.
2. ¢, =0Yn#0 (mod k).
3. ap,=0%n# -1 (mod k).

Proof. (1) = (2): Let p be a periodic measure on the unit circle with period
period 27/k for some k € ZT and define 11 by fi(A) = u(e=%7/*A) for all
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measurable sets A. By definition of periodic, g = p. Thus we know from
Lemma 3.1 that

Cp = 672in7r/kcn.
Thus, if n #0 (mod k), then 7 € Z. Hence e2nm/k -£ 1. Consequently
(1 o e—QinTr/k)Cn -0

implies that ¢, =0V n # 0 (mod k), as desired.

(2) = (1): Let {cy}n>0 be moments such that ¢, =0 Vn # 0 (mod k)
for some k € Z*. This defines a measure u. We now define a new set of
moments by {6_2””7/ kcn}nzo. By Lemma 3.1, this defines a measure z such
that for any measurable set A fi(A) = p(e=2"/*A). But ¥n = 0 (mod k),
we have 7 € Z. Hence e 2mm/k — 1. Thus {¢, }n>0 = {e72"/% ¢, 0. This
implies that i = p. So p(A) = pu(e=27/% A) for any measurable set A. Thus
p is periodic with period 27 /k.

(1) = (3): Let u be a periodic measure on the unit circle with period
27 /k for some k € ZF and define i by fi(A) = p(e27/* A) for all measurable
sets A. By definition of periodic, 1 = pu. Thus we know from Theorem 3.4
that

a, = €—2i(n+1)7r/kan
Consequently, if n # —1 (mod k), then ”TH ¢ 7. Thus e~ 2(n+0m/k £ 1.
Therefore

(1 _ e—2i(n+1)7‘r/k)an — O

implies that ay, =0 Vn # —1 (mod k), as desired.

(3) = (1): Let {an}n>0 be Verblunsky coefficients such that a, = 0
Vn # —1 (mod k) for some k € Z*. This defines a measure p, the spectral
measure of C(ag, a1, --). If we define a new set of Verblunsky coefficients
by {e~2(*tD7/kq, 1, <. By Theorem 3.4, this defines another measure i
such that for any measurable set A Ji(A) = pu(e=%"/*A). However we know
that e~ 2n+Dm/k — 1 if mHl € 7. Hence e=2("+Vm/k = 1 ¥n = —1 (mod k).
Thus, since a, = 0 Vn # —1 (mod k), {an}nso = {e 2D ka1, 0.
Therefore we know that y = fi and it follows that p(A) = pu(e=2"/%A) for
any measurable set A. Hence p is periodic with period 27 /k. O

It is interesting to note that this also provides an alternate way to cal-
culate the Verblunsky coefficients for A, the Lebesgue measure.
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Example 3.7. We know that for all measurable sets A, \(A) = A\(e~%7/¥ A)
for any k € Z*. Hence by Corollary 3.6, a;, = 0Vn # —1 (mod k) Vk € Z7.
But this means that a,, = 0 Vn > 0.

4 Clock Behavior of Single Inserted Mass Point

In this section, we will be interested in the question of what the eigenvalues
of finite truncations of matrices associated with the single inserted mass
point are more generally than stated in Theorem 2.3. The tools developed
in Section 3 will allow us to look at only a single measure due to the fact that
all of the measures generated by inserting a mass point into the Lebesgue
measure are rotations of each other. This will significantly ease calculations.

4.1 Motivation

As seen in Theorem 2.3, it is possible for the eigenvalues of a finite matrix
associated with a single inserted mass point measure to be exactly the same
as those of finite matrices associated with the Lebesgue measure. But that
naturally raises the question, “What if those special conditions are not met?”
So let us look at some graphs to see what we expect to happen.

Let o = (1—y)A+~9d1 and let S = C(dup). Then we know from Theorem
2.3 that the eigenvalues of Sg") are the nth roots of unity regardless of the
value of . So in order to determine what to expect in the very opposite

(n)

case, let us consider S*;. Figure 4.1 shows the similarities that most of

the eigenvalues of S(_nl) have for one specific case. As we can see, only the
eigenvalues which are closest to the inserted mass are significantly perturbed
from the eigenvalues of the free matrix counterpart.

In general, only the eigenvalues which are closest to the mass point show
significant perturbation from the expected clock points. We would like to
determine exactly how far away from the clock points the eigenvalues are
and, if possible, show exactly the relationship with the clock points as n

grows without bound.

4.2 Construction of Eigenvectors

In order to determine the exact behavior of the eigenvalues of the finite
matrices associated with u, we will have to examine the eigenvectors to
which they are associated. When looking at the finite matrix, it is not
easy to determine what the eigenvectors are. However, when viewed as an
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Figure 1: Compared Eigenvalues

operator on L?(dD,du) with the proper measure (the spectral measure of
the matrix), the operator corresponds simply to multiplication by z, and
eigenfunctions are much easier to determine.

First, let us prove the following lemma:

Lemma 4.1. Let = (1 —y)A+~61 and let S = C(dp). Now let M(n) be the
)

spectral measure of Sgl . Then the paraorthognal polynomial ®, 5(z) = 0

almost everywhere in L2 (0D, du(n)).

Proof. We know from [4] that ®, 3(z) is the characteristic polynomial of
S, This implies that ®,,4(S5”) = 0. Define M, : L*(9D,du}") —
L?(0D, d,u/(gn)) by M. : f(z) — zf(z). By the spectral theorem, we know that
P, 3(M,) = 0. We know, however, that ®, 3(M.)(f(2)) = ®na(2)f(2) =0

Vf € L?(0D, d,u(ﬁn)). Hence @, g(z) = 0 almost everywhere. O

This will give us the tools that we need in order to find the form of the
eigenvectors.

Lemma 4.2. Let ®,5(z) = > 7, a;jz’ and let X be any zero of @, 5(z). If
we define f(z) = 3725 br(\)2F where

1 J
bi(N) = =171 (Zak)\k> for0<j<n-—2
k=0
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and by_1(\) = 1, then M,(f(2)) = Af(2) in LD, du’™).

Proof. Let us determine what the form of M.(f(z)) is. Because ®,, 3 is
monic, we know that a,, = 1. Hence

M.(f(2)) = 2f(2)
n—1
=z Z bjzj
j=0
n—2
=bp1(M)2" + > bi(M) M
j=0
n—2
=2"+ Z bj()\)szrl
j=0
n—2
=2" =T+ > b\
=0
n—2 n—2
= — Z ajzj + Z bj()\)sz
Jj=0 Jj=0

n—1

= [(bjfl()\) — aj) Zj} — ap.

j=1
We know that
1
—ag = A(—X(ao))
= Abg(N).



Finally

Thus we have shown that M,(f(z)) = Af(z). O

Clearly it is possible to find an eigenvector such that bg(\) = 1 as well.
Thus we have the following lemma as well.

Lemma 4.3. Let @, 5(2) =37, a;jz’ and let X be any zero of @, 5(z). If
we define f(z) = Z;L;Ol br(\)2F where

bj(A):_aAo D Ak for1<j<n-—1
k=j

and bo(A) =1, then M,(f(z)) = \f(z).

The proof of this is similar to the proof of Lemma 4.2 and will therefore
be omitted here.

4.3 Change of Basis

It will frequently be useful to consider changing basis from {1, z, 271, 22,...}
to {xo0, X1, X2, ..} since it is with respect to this orthonormal basis that a
CMYV matrix is the representation of multiplication by z.

Since {xo0, X1, X2,---} is an orthonormal basis, we can easily write the
matrix for a change of basis into this basis in terms of inner products. Specif-

ically, the matrix representation of a change of basis from {1, 2,271, 2%,...}
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: (o 1) (00.2) (x0,2)
<X171> <X172> <X172_1>
<X271> <X27Z> <X2az_1>

Because of the definition of x,, we know that this matrix is actually upper

triangular. So it is given by

(xo:1) (x0,2) (x0.27% (x0,2%)
0 <X1,Z> <X17271> <X1>Z2>
0 0 (x2z7h (x2,2%)
0 0 0 (x3,2%)

One final refinement that we can make to our understanding of this matrix
is to look at the terms on the main diagonal. We must consider even and

odd cases. If n = 2k, then we have

(Xa, 27°) = (2 g, 27F)

= (por: 1)
= <22k7 Pak)
1
= <22ka (I)2k>
[Pl
1
= (2%, P(2%))
[ @l
where P is the orthogonal projection onto Span{1, z, 22, ... ,22’“_1}L. Since

projections have the property that P = P* = P?, we have the following:

1

= o]

_ 1
%o
L@y 0

T — 2ks ¥ 2k
%o

= [[ @2

<ZQI<:7 P(ZQk»

P(z%%), P(2*"))

<X2k) Zﬁk>

A similar calculation shows that
(X2k-1,2%) = || @op_1]|
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Hence the matrix form of the change of basis is

[@oll  (x0.2) (x0.27%) (x0,2?)
0 [®1]]  (x1,27Y)  (x1,2%)
0 0 [P2ll  (x2,2%)
0 0 0 | @3]

4.4 Eigenvector Approximations

While the formula for the eigenvectors presented in Section 4.2 is of little
use unless the eigenvalues are already known, a small modification provides
useful results.

Lemmas 4.2 and 4.3 provide formulas for the eigenvalues as functions of
A, the zeroes of the paraorthogonal polynomial. A natrual question which
arises from this formula is the question of what happens when the A used in
the formula is not a zero of the paraorthogonal polynomial. If X is changed
only slightly from an eigenvalue, we expect to obtain something which is very
close to an eigenvector, even though it is clearly not actually an eigenvector.
The exploration of this question leads to the following lemma.

Lemma 4.4. Let ®, 3= ), ajzj be a paraorthogonal polynomial and let
A €D, If f(2) = 72 bi(N\)2F is defined as in Lemma 4.2 or 4.3, then

(M = M (f D = [Pn,p(N)]

Once again, we will prove this for coefficients as defined in Lemma 4.2
and omit the proof for coefficients as defined in Lemma 4.3 as the proofs are
very similar.

Proof. As shown in Lemma 4.2,

M.(f(2)) = zf(2)

n—1
= (bk,1 — ak) — ap.
k=1
Hence we have
n—1
(M. = N)(f(2)) =) (bp—1 — ar — Aby) — (ag + Abo)
k=1
n—1
= (bp—1 —ap— Aby)
k=1
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since by = —%2. Examining the other terms, we get for 1 <k <n —2
1 k—1
bro1 — agx — Abp = = [ D arA™ | —ax — Aby

)\k
Jj=0

k
1
= [ )
=0

— A — by,

Finally

bp—2—apn-1—Abp_1=bp_2—a,_1— A
1 n—2
= _)\n—l <Z ak)\k) — ap—1 — A
k=0
1 n—1
B Zak)\k> — Aap
k=0

(
= 5o <Zn: ak)\k>

k=0

1

= —Wq’nﬂ()\)

Hence
1

W©n,ﬁ()\)zn_l'

(M. = A)(f(2)) = —
Thus
(M= = M) (f () = [Pn,p(N)]
as desired. O

This is only one step on the way to finding eigenvalues of finite matrices
due to the fact that we know nothing about the norm of f(z). But it will
be enough to tell us something about the eigenvalues of the case when we
are looking at the single inserted mass point measure.

4.5 Single Inserted Mass Point

It is at this point that we will turn to a specific example. Once again we
will let = (1 —y)A 4+ 61 and S = C(du). First we will want to determine
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®,, 3. Theorem 2.2 gives us

Hence

Therefore we conclude that
D, 5(2) = 2Py — ﬂ@)n 1
n—1 B’Y n—1
_.n k A El _73
— 1+n72y(zz> 1+n72'y<z:12> g
-1

v(B—1) AN

=" 2V = 0.

1+ny—2y ; b

Now it is our guess that the zeroes of this polynomial are close to nth
roots of 4. So let A € D such that A™ = 3. Then we have

d —_\" k
ns(N) = A Hm_z,y(ZA)

- 1+mf27 (ZAk>

IR RS
S l4ny =2y \A—-1 /"

Knowing that [\" — \| < 2 and |3 — 1] < 2 since ), 3 € 9D, we thus have
that

%560 < T (1)

We will now wish to find an estimate for how far away from an eigenvalue
this is. We have

Ay
IV =NUE s F=Ha T =2

So we need to estimate || f(2)]|. An estimate for this norm is not immediately
forthcoming, but an extremely poor estimate presents itself if we consider
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that we can write f(z) in the x basis using the change of basis matrix
presented in section 4.3.

Writing f(2) in the form that we have it in the basis {1, 2,271, 22,...}
is not particularly easy, but note that

Mz = N (f ) = [[(Mz = N)(zf ()]

for any ¢ since multiplication by z is unitary. Hence we can simply use a
different function which is much more easily written in the preferred basis
without destroying the information that we worked so hard to obtain. De-
pending on the parity of n, either the leading term or the constant term will
become the coefficient of the last power of z in {1,z,271, 22,...}. Hence if
n is even, we will use the form of the approximate eiegenvector presented in
Lemma 4.2 and if n is odd, we will use Lemma 4.3.

The important fact here is that the last row of the change of basis matrix
only has one term in it, hence we know that

2f(2) = [ Pna()l xn-1+ -

if we change basis to {xo0,X1,---,Xn—1}. Furthermore since this is an or-
thonormal basis, we know that

17 = 1@n-1(2)

Thus if we can approximate this, we have a lower bound for the norm in
which we are interested. So we have the following lemma:

Lemma 4.5. If {®,},>0 are the monic orthogonal polynomials associated
with = (1 —y)A 4+ 01, then

|Pnl| >1 =7, Vn>0.

Proof. We know from 1.13 that

n—1
[@nll = ] on
k=0

n—1
=[] V1 -l
k=0
So

oo
i ) =TT o
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Hence we have

o
log ( Tim_|@,]) = ;)logpk
1 o0
2
— 2kzolog(1— |ovg | )

Since |ay|? < 1, we know that log (1 — |ag|?) = — PO 7 1lax|¥. Hence
log ( lim [0, ]) =3 ZZ ol
k 0j= 1

o

1 .
== 2 ¢ \Oék\%-
:1 k=0

Examining the inner sum, Theorem 2.2 and Abel’s Summation Formula give
us

)DITICED Dl (e

0<k<z 0<k<z
|+ /”" |t +1]
(vt +1)¥ o (yL4+t)¥H

Hence since 25 > 1 for all j > 1, we have
& [e'¢)
, t+1
D el = 2j/ L;J%Hdt
—o 0o (v 141)

(e} _ A1 1
:2]-/ lu=y—+1]
Y

dt.

1 u2i+1

)y <_ L2 L 2j> >
2j —1 2] -1
e A2 2
= 2] . + —
25 -1 2j



Hence we have

1 2j—1 25
tog (lim @) > -3 -~ (2]- (7, + 7))
n—00 — 27 27 —1 27

,ym
m’

[NNgE

I
M

1

3
Il

But since |y| < 1, this gives us

log ( lim |, ]) > log (1 - 7).

Hence
lim H(I)nH >1 -7
n—oo
But since ||<|1|>fi|1|ll = pn—1 and pp—1 < 1, this means that {||®,|},—, is a

strictly decreasing sequence of real numbers, hence
|Pr|| >1—7v, Yn>0
as desired. O

And with that, we get the following estimate:

o= ()| < Te i
(2)

Since ch(iz)” is a unit vector, we therefore know that there is an eigenvalue
A\ such that

4y
(1= =1 +ny—2y)

N — Al <

5 “Almost Free” CMYV Matrices

5.1 A Review of Clock Theorems

We conjectured in Section 4 that most of the zeros of ®,, g for inserted mass
point converge to roots of 3 as n — oo. In particular, this would mean that
the distance between neighboring zeros would converge to 2w /n. This last
condition is called clock behavior. We will now state some known results
concerning this behavior to help put our result into context.
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Theorem 5.1 (Theorem 4.1 of [7]). Let {c;}j>0 be a sequence of Verblunsky
coefficients satisfying

> lajl < o0 (5.1)
=0

and let {B};>1 be a sequence of points on OD. Let {HJ(»”)};L:I be defined

.(n)
so 0 < 9%71) < -0 < G%n) < 21 and so that €% are the zeros of the

paraorthogonal polynomials ®, .. Then (with 07(11)1 = GEnHQﬂ)

gn) _ g(m) _ 27

J+1 Y —| 0

sup n
J

as n — oQ.

This result does not apply to inserted mass point; in that case there
exists C' such that |a,| > C/n Vn and hence

oo oo C
> = =
SIIED DA
n=0 n=0
Theorem 5.2 (Theorem 1.7 in [1]). If E{|ax|?} = o(k~1), then (with prob-
ability 1) the spacing between eigenvalues converges to 2m/n.
Inserted mass point satisfies the hypothesis of this theorem since we can

pick C such that |ay| < C/k VEk and get

fim 12 o €

k—oo ]{3_1 k—o0

This puts inserted mass point in an interesting position; while Theorem
5.2 tells us that we should expect clock behavior, this is not guaranteed by
Theorem 5.1. Indeed, Simon conjectures in [7] that Theorem 5.1 stills holds
if || = Con™1 + error with either error € ¢! or |error| < Cn=2.

5.2 Shifted CMYV Matrices

One interesting property of inserted mass point is that if we shift the Verblun-
sky coefficients we get Verblunsky coefficients for a different inserted mass
point:
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Lemma 5.3. Let oy (w,v) = ag(fiw,). Then for any n and m we have

Anpm(w,7) = an(w™™, (1/y+m)h). (52)
Proof.
—(n+m+1) ( —m)—(n—l—l)
w w
n+m\W, = = = Un 7m7 1 - :
Ontom (0, 7) I/y+n+m (I/y+m)+n om(w (1/y+m)™)
O
Since
-1
m—o00 ot m—oo 1 4+ ym

we see that increasing m will make y arbitrarily small, in some sense bringing
us closer to Lebesgue measure. This motivates the following definitions:

Definition 5.4 (Shifted CMV Matrix). For a CMV matrizC = C(ag, a1, . . .)
and 3 € OD define the shifted CMV matrix Cén’m) by

5™ = Clam, At - - an2. ). (5.3)

Definition 5.5. Let C = C(ap, a1, ...) be a CMV matriz. Define functions
d and ¢ by

d(n,m) = max min |\; — p;l, K(n,m):rgéin\)\i—)\j].
i J 7]

where {u;} are the eigenvalues ofC[gn’m) and {\;} the eigenvalues of A/(@nfm).

Definition 5.6 (Almost Free). Let C = C(ap, aq,...) be a CMV matriz. If
for all € > 0 there exists N such that for alln > N there is an m,, satisfying
d(n,my,) < €l(n,my) and

. mny
lim — =0
n—oo 1

we say that C is almost free.

Lemma 5.7. For m < n and n > 2 we have

£(n,m) > 2sin(Z) > 4n~". (5.4)

37



(n—m)

Proof. Note that, since the eigenvalues of A 3 are solutions of 2"~™ — 3,
the distance between any two neighboring eigenvalues will be

((n,m) = |e'mm — 1| = /2 — 2cos 2T

= 2sin(="-)

n—m

4 sin?

n—m
> 2sin(7).

Since sin § is concave down on (0,7/2) we have have sin¢ > 26 for any 0 €
(0,7/2), so in particular if n > 2 we have sin(7w/n) > (2/7r)(7r/n) =2/n. O

5.3 Norm Estimates

In this section we find sufficient conditions on Verblunsky coefficients for a
CMYV matrix to be almost free.

Definition 5.8. For A an n x n matriz with ijth entry a;;, define ||All, by

1/2

1Al = | D2 lagl? (5.5)

i=1 j=1
Lemma 5.9. For any n x n matriz A, ||Al| < ||A]],.
Proof. Let a;; be the ijth entry of A and let a; be its ith row. If x =

(zg,x1,...,T,) " € C" satisfies ||x|| = 1 then
n n
| Ax” Z\Zamw]) = e <3 il = 1413
i=1 j=1 i=1 i=1
O
Lemma 5.10. Let A be a normal n X n matriz with eigenvalues \1,..., Ay.

Then || A]| = max |\;].

Proof. Since A is normal there exists an orthonormal basis of eigenvectors
ei, ..., e, corresponding to eigenvalues A, ..., A\,. Let x = > "7 | ae; satisfy
||Ix|| = 1. Then

1Ax||* =

n 2 n 2 n
AZaiei = Zai)\iei = Z ]ai\2|/\i|2
] =1 i=1
2 2
< Z|az] <max|)\ ) = <m]ax])\j|> .
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To show the other inequality let Ar be the eigenvalue of A with maximal
absolute value. Then Aey = \yer, = || Ae|| = || = ||A] > | Akl O

Lemma 5.11. Let A be a normal n X n matriz and B an arbitrary n X n
matriz. If |A— B|| < € for some ¢ > 0, then for any eigenvalue A of B
there exists an eigenvalue p of A such that |\ — u| < e.

Proof. If X is an eigenvalue of A then we’re done, so assume that A is not
an eigenvalue of A, i.e. that A — AI is invertible. Since X is an eigenvalue of
B there must exist some w € C™ such that Bw = Aw. This gives

cllwi > [[(A = B)w|| = [[Aw — Aw|| = [|(A = Al)w]|.
Now we set v = (A — AI)w and observe that the above inequality becomes
l[(A =AD"\ > H (A= AD)(A— A1)
JA= 7] > L

which implies H(A - )\)_1H > 1/e, and hence by Lemma 5.10 that (4 —\)~*

must have at least one eigenvalue p satisfying || > 1/e. Thus A — AI has

£~ as an eigenvalue for some eigenvector y and we get

(A=M)y=pn""y
Ay = (" + Ny.

Therefore ;1 = i1 4\ is an eigenvalue of A satisfying |u—\| = [z} <e. O

Theorem 5.12. Let C = C(ag, ai,...) be a CMV matriz and fix 8 € OD.
Then

e

<4 Z || (5.6)

Remark. Simon [6] gives a much more general estimate for infinite CMV
matrices using the LM factorization, which in our case reduces to

’ < 123 (1 V1o ]ak]2> .
k=0

o
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Proof. We will first find ||Cén) — A(ﬂn)Hg and then apply Lemma 5.9. To
simplify computation, define the following sequences to the five diagonals of
Cén) —Agn) omitting both the first terms of each diagonal and those involving
B (do is the main diagonal, d; the first diagonal above it, etc):

do = —a1ap, —Qoay, —Qi3Qia, . . .

dy = —p1g, a3p2, —P3Q2, A504, —P50L4, . - .
d_1 = Qop1, —pa0i1, A4p3, —pPai3, AP5, - - -

da =0, p3p2 — 1,0, pspa — 1,0, p7ps — 1,. ..
d—g = p2p1 — 1,0, paps — 1,0, psps — 1,0, ..

From the main diagonal, we get

n—2 n—2 n—2
Z ’do(k)|2 = Z | —akak—l\Q = Z \akak_l 2,
k=1 k=1 k=1
Combining d; and d_; we get two new sums
n—2 n—3
Z | — pkakz—1|2 + Z |ak+1pk|2.
k=1 k=1

Since the (n—2)th term involves [, the second sum only goes up to k = n—3.
The first sum yields

n—2

n—2 n—2
> 1= prana2 = >l 20 = Jar?) = 3 [lasa[? = Jag—f*|axf?
k=1 k=1

k=1
n—2 n—2
= g1 =D lan-rcl®
k=1 k=1

and for the second we get

-3

n—3 n—3
S farpel? = D e 1= lnl?) = 3 [lowsal? = Pl ]
k=1 k=1 k=1

n—3 n—3
=Y Mok = lawars [
k=1 k=1

3
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Combining dy and d_5 we get

n—3 n—3
D (= prepe1)® =D (1= 2pkpk 11+ pipig1)
k=1 k=1
n—3
=3 (1= 2pkpri1 + (1 = o) (1 = g *)]
k=1
n—3
=) [2(1 = prprt1) + lakar|? — log]® — |ags|?]
k=1

which gives us four sums:

n—3 n—3 n—3 n—3
2> (1= prprrn) + Y lawana P =Y o> = lawp .
k=1 k=1 k=1 k=1
Since zy < 2% +14? for z,y > 0, we can get a simple bound for the first term:
n—3 n—3
2) (1= prpra) 2> [1=pp+1—pioy]
k=1 k=1
n—3 n—3
=2 ]ak]2+22]ak+1|2.
k=1 k=1

The first entries of the diagonals contribute

laol* + |poc|* + |po — 17 < | + (1 = |ao|*) || + [p§ — 17

= |aol* + [ea]? = |agan [* — feo|*
and the terms with § will give

1Bon—2 — B* + |Ban—2|* = (pn_2 — 1)? + |ay_o|*
< (p2_o—1)* + |an—2|?

= |an—2|* + |an—a*.

Note that all of the sums involving |agayy1]|? cancel. Reindexing sums
involving |ay|? we see that they add up to

n—3
43 " owl® + laol* + 2len | + 2Jan—of*.
k=2
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Adding the first entries of the diagonals and those involving § we get

n—3
4 " faxl* + 2|aol* + 3Jar|” + Blan—a| + an—a|* — |agas|* — |ag*
k=2

which is less than or equal to (throwing out negative terms and replacing
‘Ozn_1’4 with ]an_1\2)

n—3 n—2
42 lo | + 2| + 3|an)? + 4|an_o]? < 42 v |2
k=2 k=0

Thus by Lemma 5.9 we have
n—2
le§” = AIP <4l
k=0

as desired. O

Corollary 5.13. For every eigenvalue A ofA/(gnfm) there exists an eigenvalue
w of Cén’m) such that

n—2
= AP <4 [yl (5.7)
k=m
Fquivalently we have
n—2
d(n,m)®> < 4> Jag/*. (5.8)
k=m
Proof. This follows directly from Theorem 5.12 and Lemma 5.11. O

5.4 Necessary Conditions

Example 5.14. We will show that the CMV matrix for the Rogers-Szeg6
polynomials is almost free. For some ¢ € (0, 1) the Rogers-Szegd polynomials
are the orthogonal polynomials for the measure

dp(0) = (2 log(1/q))™"> Y ¢~ 2dp

j==o0
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with Verblunsky coefficients o = (—1)kq(k+1)/2.
Then
n—1 ) n—1 o qm+1 _ qn+1 qm
= "= 5.9
DI DR et e L
k=m k=m

which, by Corollary 5.13, means that d(n,m)? < 4¢™/(1 — q). With con-
stants r € (0,1) and K where

r=vi,  K=yiji-g (5.10)
this relation becomes
d(n,m) < Kr'™. (5.11)

Given € > 0 we want to find the smallest possible m satisfying d(n,m) <
el(n,m). Using Lemma 5.7 we see that

Kr™m < — (5.12)

is sufficient. Since both sides of this inequality are strictly positive, we can
take their logarithms to get

mlogr +log K < log(4e/n) (5.13)
log((4e/K)n™"

m > 8(de/K)n ") (5.14)

logr
_ log[K/(4€)] + logn (5.15)

log(1/7)
where all of the terms except perhaps log[K/(2¢)] are now positive. Thus

m—m, = log[K/(4€)] + logn (5.16)

log(1/7)

guarantees (5.12). Clearly

L, 1 [log[K/(4€)] + logn _
i = o [ | o

n—oo n n—oo n
This also implies that certainly m,, < n — 1 for all sufficiently large n.

(5.17)

Now we use Corollary 5.13 to show to that a much broader category of
CMYV matrices are almost free:
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Theorem 5.15. Let C = C(ap, a1, ...) be a CMV matriz. If

[e.9]
M
2
kz g |* < o (5.18)
=m

for some v > 2 and M > 0, then C is almost free.

Proof. Fix € > 0. If we let K = 2v/M and 8 = ~y/2 then by Corollary 5.13
we have d(n,m) < K/m”. By Lemma 5.7 we need only can find m < n — 1
such that

K <4e
mpb n

(5.19)

to guarantee d(n,m) < ¢(¢(n,m)). Solving for m, this inequality becomes

K 1/8
m > <4€”> . (5.20)

m, = {(T) lﬂ (5.21)

will satisfy (5.19). Of course we may not have m, < n — 1 for some n.

Thus choosing

However,
1/8
lim T gy L {(K”> w (5.22)
n—oo n n—oo N 46
1 K 1/8
<lim = |(=) n'Yf4+1 (5.23)
n—oo N 4e
K\ P 1
= () lim n'/%~! 4 lim = (5.24)
4e n—00 n—oo N
= (5.25)

(since 1/8 — 1 < 0); thus we must have m, < n — 1 for all n sufficiently
large. O

Theorem 5.16. Let du = w(@)% with weight function w(f) > 0, infp w(6) =
a>0, and Y |c;(du)| < co. Then

sup {ﬁ] D1+ fnl)fendn)]| < oo} = sup {ﬂ\ S+ [ an(dp)| < oo}

n=1 n=1
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Remark. This is stated in Simon [4] as an immediate consequence of the
extended Baxter’s theorem, and will not be proved here.

Theorem 5.17. Assume that there exist p > 1 and M > 0 such that, for
alln >0, |en| < M/nP. Then for all € € (0,1) there exists K such that

2
Z jan|? < —50= 1) - (5.26)

Proof. We know from Theorem 5.16 that

c= sup{ﬁ‘ Z(l +n)P|ay| < oo} = sup {ﬁ’ Z(l +n)%en| < oo} ,
n=0 n=0

(5.27)
and since |¢,| < M/nP ¥n > 0 we have
Z(1+n)5|0n! < |co|+M27n) (5.28)
n=0 n=1
(5.29)
(5.30)

which converges for p — 3 > 1= < p— 1. Therefore ¢ > p — 1 and we
have that for all ¢; € (0,1)

o0

Z(l +n)P7 17 q,| < co. (5.31)
n=0

For convenience let ¢ = p — 1 — ¢;. Now for any m € N we have

00 m—1 00
> +n)an = > (1+n)an] + D (14 1)y
n=0 n=0 n=m
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and hence
o 2
(Z(l + n)%m!) =

n=0 o 5 . 9
> ( (1—|—n)q|an|) + <2(1+n)q|an|)

AV

\%
IPh
|
_
_l’_
S
=
Q
3
N——
N
_l’_
3
&
(]
B
3
)

For any €2 > 0 we therefore have

. 2 m—1 2 ©
moe <Z<1+n>q\an> > m e (Z(Hn)%n\) +m* )y o |

n=0 n=0 n=m
which since

o 2
: —€2 q —
n}g)noom (Z(1+n) |o<n|> 0

n=0

means
5 ) S
' —€2 q g—e2 —
lim m (7;)(1—1—12) \any> +m n;yany =0.
By (5.31) we can rewrite this as

m—1 2 00
— (1 —€ : q ; 2(q—e2) 2
0= () fim (S0t ) + fim e 3 o

n=0 n=m

= lim m2a<) Z ||

m—00
n=m

Given € > 0 pick € = €3 = ¢/4. Then

g ) =2p—1—¢/d—c/)=2p—1) ¢
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and hence
lim m? g o | =
m—0o00

This tells us that there exists N such that for all m > N

m*(P=1)= Z an|? < 1

or equivalently

2
Z ‘Oén‘ 2(p— 1) €’

Let
(0.0
_ 2
§ = max (Z || )
n=m

and choose K such that I?/N%’_l)_6 > S. Then we have that, for all
m < N,

Z ‘an‘Q 2(p— 1) €’

With K = max(K,1) we have that for all m

2 -
Z |a"| 2(p 1)—

as desired. 0

Remark. We would like to thank Tim Heath for helping us with the proof
of Theorem 5.17.

Corollary 5.18. Let C be a CMV matriz whose moments satisfy the hy-
pothesis of Theorem 5.17 for p > 2. Then C is almost free.

Proof. By Theorem 5.17 we know that for any € € (0, 1) there exists K such
that

2
Z jan|® < —50= 1) - (5.32)

In particular we can choose € such that 2(p — 1) — € > 2. Then by Theorem
5.15 C is almost free. O
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Lemma 5.19. Let f: [0,27] — (0,00) be an r times differentiable function
with bounded rth derivative, say |f"(0)| < M for all 6, and f*(0) = f*(2n)
for k <r—1. Then there exists K such that for allmn >0

/ i 1) dt‘ <K (5.33)
0 n

Proof. If r = 0 then we have

27 ) 2 ) WM
/ e~ £(6) d9’ < / e (9)] df < 2wM = T
0 0 n

Assume then that Lemma 5.19 holds for r = k and let f satisfy the hypoth-
esis of Lemma 5.19 for r = k£ + 1. Using integration by parts we get
27 1 2 .

+ - e—lnef/(e) d9

0 m Jo

/277 e—m9f(9) 50— e—me (9)
0

—in

1 2 .
=— [ e "f(0) db.
m Jo
Now [’ satisfies the hypothesis of Lemma 5.19 for r = k, so there exists K
such that

/27re_in9f/(0) dt‘ < 5
0

nk

This gives

1

S o 1 (K K
—inf _ —in0 g/ _

O

Theorem 5.20. Let f : [0,27] — (0,00) satisfy the hypothesis of Lemma
5.19 for somer > 2. If fozw f(0)d6 = 27 then du(0) = f(0)% is a nontrivial

2
probability measure whose CMV matriz is almost free.

Proof. That du is a nontrivial probability measure is clear from the condi-
tions on f. Using the K given by Lemma 5.19 we get

K /2w

n7’

1 2w -
n| = |— I (9) dA| <
ool =gz [ e r0) a8 <

and hence by Corollary 5.18 that the CMV matrix for du is almost free. [
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Remark. Tt is important to note that Theorem 5.1 more or less implies
Theorem 5.15: Let v > 2. If

>l < ok
LI
k=m
then we must also have |a,,| < M/m?. This gives

oo o
Slorl =3 < oc
k=0 k=0

and hence by Theorem 5.1 that the distance between neighboring eigenvalues
of Cén) = Cén’o) approaches 27 /n and hence that they will converge to the

eigenvalues of A(T})
not have 3’ = 3.

for some 3’ € OD. The only technicality is that we may

5.5 Properties of Almost Free CMV Matrices

In this section we’ll investigate the properties of almost free CMV matrices,
in particular how the eigenvalues of their finite CMV matrices compare to
the those of the free CMV matrix of the same dimension. In order to do
this, we’ll need several facts from [4].

Lemma 5.21. Let C = C(ap, 1, .. .) be a matriz. Then for alln and m < n
there exists a rank one matriz Q and a unitary m X m matriz K such that

¢V -Q=KaoB (5.34)

where B = Cén’m) if m is even and (C/(Bn’m))—r if m is odd.
Remark. This is a less general version of Theorem 4.5.2 of [4].

Proof. Just as with full CMV matrices, we can write C = LM with £ and
M defined as in (1.30) and (1.31). If m is even, let M’ be M with ©,,_;
replaced by (g 9) with 8 = (1 + @mn-1)/(1 + ). It’s straightforward to
check that M — M’ has rank 1 and hence that £(M — M’) has rank at most
1. Setting Q = L(M — M) we see that C — @Q = LM’ has the desired form.
A similar argument involving modifying £ works for n odd. O

Lemma 5.22. Let U and V be two n X n unitary matrices such that U —V
is rank 1 and denote the number of eigenvalues of the matriz A contained
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in the set D by Ep(A). If I = {e¥ : |0 — 6y| < 6} for some 0y € [0,27] and
0 < then

|Er(U) — Er(V)] < 1. (5.35)
Remark. This is an immediate consequence of Equation 1.4.25 of [4].

Theorem 5.23. Let C be an almost free CMV matrix and fiz 8 € 0D. For
€ > 0 pickn and m such that d(n,m) < el(n,m). Let {\;} be the eigenvalues

of Agl_m). Pick {61, ...,0} such that \y = €. Then for all but at most
m intervals of the form

I, = {ew (0€ (O — -2 Oppq + Enaﬂm)}

n—m’

contain an eigenvalue of Cén).
Proof. First we’ll show that Ef, (Cén’m)) > 2 for all k. Define

da(n,m) = max min|A; — (5.36)
i J

¢e(n,m) = Hin X — A = 2= (5.37)
i#]

Then d(n,m) < el(n,m) implies ¢4(n, m) < lpe(n, m), so for each eigenvalue
e of A(ﬁm) there exists an eigenvalue ¢* of Cé"’m) such that |¢p — O] <
€22 This gives e, e"s+1 € I; and hence Ey, (Cén’m)) > 2 as desired.

n

Lemmas 5.21 and 5.22 give
‘Elk (C§)) — Ep (K ® B)‘ <1. (5.38)
Since Ej, (K & Cén’m)) = Er,(K) + E,(B) this becomes
B (€)= By (K) = B, (B)| < 1. (5.39)

Since K is an m X m matrix it has at most m eigenvalues. Hence for all but
at most m of the I, we’ll have Ej, (K) = 0 and therefore

B (e~ B (B)| < 1. (5.40)

Since Ey, (B) = Ej, (Cén’m)) (because the eigenvalues of a matrix A and its
transpose are the same) we have Ey, (B) > 2 and hence

Epr(C5”) > 1. (5.41)

O
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Remark. Simon proves a very similar theorem about the interlacing of the
zeros of paraorthogonal polynomials in [8].

References

1]

Rowan Killip and Mihai Stoiciu. Eigenvalue statistics for cmv matrices:
From poisson to clock via circular beta ensembles, preprint. Available
at arXiv:math-ph/0608002v1.

Steven J. Leon. Linear algebra with applications. Macmillan Inc., New
York, 1980.

Barry Simon. Orthogonal polynomials on the unit circle: new results.
Int. Math. Res. Not., (53):2837-2880, 2004.

Barry Simon. Orthogonal polynomials on the unit circle. Part 1, vol-
ume 54 of American Mathematical Society Colloquium Publications.
American Mathematical Society, Providence, RI, 2005. Classical the-
ory.

Barry Simon. Orthogonal polynomials on the unit circle. Part 2, vol-
ume 54 of American Mathematical Society Colloquium Publications.
American Mathematical Society, Providence, RI, 2005. Spectral theory.

Barry Simon. CMYV matrices: Five years after. ArXiv Mathematics
e-prints, March 2006.

Barry Simon. Fine structure of the zeros of orthogonal polynomials.
I. A tale of two pictures. FElectron. Trans. Numer. Anal., 25:328-368
(electronic), 2006.

Barry Simon. Rank one perturbations and the zeros of paraorthogonal
polynomials on the unit circle. J. Math. Anal. Appl., 329(1):376-382,
2007.

Gerald  Teschl. Functional  analysis. Available at
http://www.mat.univie.ac.at/ gerald/ftp/book-fa/index.html.

o1



