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ABSTRACT. Motivated by work of Contedini-Embree-Trefethen and
Goldsheid-Khoruzhenko, we investigate the spectral properties of
certain classes of non-Hermitian matrices. We give parametriza-
tions for curves in the plane that contain the spectrum of bi-
diagonal matrices with periodic diagonal entries. In the case of
period two, we find an asymptotic formula for the spacing between
these eigenvalues.

We also study the pseudospectrum o.(A) of a general square
matrix A. We generalize the Bauer—Fike Theorem and give lower
and upper bounds to show that the asymptotic decay (as € — 0) of
the diameter of o, (A) near the eigenvalue \ is of order £'/*, where
k is the dimension of the largest Jordan block associated to .

1. INTRODUCTION

The spectral properties of non-Hermitian operators have been widely
studied during the recent years, mainly due to their physical applica-
tions [8], [12], [3]. In [9], Hatano and Nelson studied the eigenvalues
of a non-Hermitian Hamiltonian to describe the vortex pinning phe-
nomenon in superconductors. This operator has the following discrete
form:

U —ed 0 —e 9
—e 9 vy —ed 0
g _
HY = )
0 —ed
—ed 0 —e 9 v,

where n is the dimension of the matrix, the parameter g > 0 is a
measure of the strength of the transverse magnetic field in the super-
conductor, and the values v; are real numbers representing the potential
of the system. A numerical analysis of the matrix HY showed that its

spectrum lies along smooth curves in the plane, depending on the value
1
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of g. In [7] and [6], Goldsheid and Khoruzhenko proved this result an-
alytically, giving a precise description of the shape of the curves as a
function of g. In [2], Contedini, Embree, and Trefethen considered the
limit case for Hy, a bidiagonal matrix of the form

(%1 1 0 0
0 v 1 0
0 I |
1 0 0 v,

where the potential sequence {v;}? , is drawn randomly from a uniform
distribution. In our analysis, we begin by considering the spectra of
bidiagonal matrices with various potentials. In Section 2 we study
periodic potentials of period g defined as

v ift=1 modq
Vi 0 otherwise

We describe the eigenvalue curves corresponding to given periods
and for periods 2 and 3, we give parametrizations for these curves. For
period ¢ = 2, we also derive an expression for the spacing between
neighboring eigenvalues. We find that these eigenvalues are evenly
spaced and their spacing depends on the size of the matrix. Fixing v =
1 and letting ¢ — oo, we observe that the shape of the eigenvalue curves
transitions from an oval to a circle. We present numerical evidence for
this conjecture. In Section 3 we investigate the spectra of a class of
matrices called Altered-Diagonal Circulant Matrices, each of which is
constructed by adding a circulant matrix and a diagonal matrix.

Finally, in Section 4 we study the e-pseudospectrum of general ma-
trices. In the case of normal matrices, as a consequence of the Spec-
tral Theorem, the e-pseudospectra are e-disks around the spectrum.
More generally, for diagonalizable matrices, the Bauer-Fike Theorem
describes the shape of the e-pseudospectrum and gives upper and lower
bounds. Motivated by an observation of Chatelin and Braconnier [1],
we extend this result to all square matrices using the Jordan Canonical
Form. The new bounds we obtain depend on the condition number of
the similarity matrix and the dimension of the largest Jordan block of
distinct eigenvalues.

Acknowledgements: We thank the NSF, Williams College and
Mount Holyoke College for support.
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2. EIGENVALUE CURVES FOR PERIODIC BIDIAGONAL MATRICES

In what follows, we consider N x N matrices A similar to those
studied by Embree, Contedini, and Trefethen. Such matrices have a
periodic structure along the diagonal, constants along the super diag-
onal, and one entry in the bottom left corner. The general form is

Ajj =41 ifi=j+1and for Axy
0 otherwise

where {v;} is the periodic sequence {v,0,0,---0,v,0,---,v,0,---,0}
for v € C. In Proposition 2.1 we give the general form for the charac-
teristic polynomial of such matrices.

Proposition 2.1. Let H be an N x N matriz of the following form:

v A, 0 0 ... 0
0 Un—1 )\n—l 0 . 0
H = 0 0 Un—2 )\n_g ... 0
)\1 0 e U1

where vj, \; € C, for all 1 < j < n. The the characteristic polynomial
of H 1is

p(H) = [ =2 = =D" TN
Jj=1 7j=1
Proof. To compute
Un  An 0 0 ... 0
0 VUn—1 )\n,1 0 ... 0
p(H) = 0 0 vp_9 Ao ... O
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we expand along the first column:

Un—1 — <% /\n—l 0 e 0
0 Up—2 — % /\n—2 . 0
P, = (v, — 2) +
0 o v — 2
An 0 0

(_1)n+1)\1 Up—1 — %2 )\nfl
0 Vg — 2 Ao

Then, by the properties of triangular matrices,

p(H) =] —2) = )" TN

j=1 j=1

Remarks:
(1) For the particular case A\; = Ay = ...\, = A, we have that

p(H) = [J(v; —2) = (=A)"

(2) Due to the commutativity of multiplication, the characteristic
polynomial p(H) does not depend on the indexing of the set
{v,};. Furthermore, p(H) does not depend on the values \;,
but only on their product.

For a fixed period size ¢, we describe the curves along which the
spectrum of A lies. We begin with the case when the period is 2. In
order to have an integer number of periods, let N be even. Then the
matrix A has the form:

v 1 0 0 0 0
00 1 0 0 0
A=100 o 1 0 0
10 ... 0

Proposition 2.2. Let A be the N x N matriz above such that N = 2m.
Writing v* as roe'® for some ¢ € [0,27), ro € RT U {0}, define

r(0) = rgcos(6 — @) + \/16 — r2sin?(0 — ¢)
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for 6 € S ={0]|[sin(d — ¢)| < %,9 € [0,2m)} and

f+(0) = 1= yrifle? 5(9)62-

Then, for 6 € S,

o(A) € Ran(f+(0)).

Proof. By Proposition 2.1, the characteristic polynomial of A,
Dy(z)=z2"(z—v)" =1

has roots of the form

127k

1+ Vov2+de
2

where k = 0,...,m — 1, since solving for the roots of ®4(z) amounts
to solving a quadratic equation for each m™ root of unity.

We proceed to show that the eigenvalues lie on the two curves described
above. For all possible values of k, the points v? + 4e lie along a

circle in the complex plane. Then the eigenvalues of A are on the graph
of

z =

14+ V02 + dem
2(t) = 5
0

We now rewrite the function z(¢) as a function of the form r(#)e.
Note that, for all 6 € {6][sin(d — ¢)[ < 0 € [0,27)},

r(0) = rocos(6 — @) + \/a2 —r2sin?(0 — ¢)

is the function defining a circle of radius a centered at the point (rg, @),
in polar coordinates; since we are shifting a circle by v2, we choose 7 to
be the length of v? considered as a vector on R? and ¢ as the argument
of v2. Thus, the spectrum of A lies along the curves

1+ /r(0)e?
2

in the complex plane.
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We also calculate the spacing of the eigenvalues, that is, the distance
between two adjacent eigenvalues along the curve. As there are in fact
two curves due to the + sign in fi(x), we only just consider adjacent
eigenvalues along their corresponding curves. We have already seen
that the eigenvalues lie on a circle that is shifted, and then altered
by composition with taking a square root. Thus, let us consider the
points along the circle in the complex plane and apply the square root
function to them. Let p € Z and consider p =p mod m and ¢ = p+1
mod m. Take a branch cut along the ray 27r where r € IN (0, 1), that
is, r is irrational; this will ensure that none of the eigenvalues will be

undefined by our choice of the branch cut. Then label the points 277;—]"’

along the circle r(6) counterclockwise with the branch cut. Let u = %

and w = 2me1_ Thus, ta! king the square root, scaling, and shifting u

and w results in two arbitrary neighboring eigenvalues on either the
curve f(0) or f_(0).

Proposition 2.3. The distance between two neighboring eigenvalues
on either the curve f(0) or f_(0) is

=0 ()|
mvv + 4etv m2 )|

Proof. The distance between the points labeled u and w on the circle

4e" is
2 8 1
stan (_) ~5 o (_) |
m m m

We then apply g(z) = VI V;”W for u = 4e* and w = 4€" to obtain our
neighboring eigenvalues. We see that g(x) is an analytic function, and
hence, the Taylor series expansion gives

o) = gf) = (u—w) (4@ +0 ()

m

(o) (fero(2)
m m m
8T 1 1 1
(o (o)) o ()
B +27 0 1
 mVu + de " (W)
Taking the absolute value of the expression completes the proof. [

We include some plots of the spectrum of a matrix with period 2
and the sequence {1,0,1,0,---,0} on the diagonal. Figure 1 plots the
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eigenvalues of a 10 x 10 such matrix. The numerics show that the spec-
trum lies on an ellipse-like curve. In Figure 2, we plot the spectrum

125}
1_
- »
0ar - b
] - -
05t - -
- -
b
15
dim=10
-2 1 L 1
1.5 1 0.4 ] 04 1 15 2 25

FIGURE 1. The spectrum of a 10 by 10 matrix with period
2 diagonal.

for N = 500 and the same periodic structure on the diagonal.

0ar

RIRN

dim = 500
-1.5 -1 05 i) 0.5 1 1.5 2 25

FIGURE 2. The spectrum of a 500 by 500 matrix.
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In Figure 3 we plot the proposed curve, fi(f), along with the eigen-
values of the N = 10 matrix, verifying that the eigenvalues are indeed
contained in the range of fi(6).

0ar

0ar

dim=10
-1.4 -1 04 ] 045 1 15 2 25

FIGURE 3. The spectrum of a 10 by 10 matrix plotted with
the function f4(0).

We proceed by exploring the case of higher periods for the periodic
structure {1,0,0,---0,1,0,---,1,0,--- ,0}. As before, in order to ob-
tain an integer number of periods, we choose N to be a multiple of the
period size. The next case to consider is that of period 3.

For N = 3m, let A be a N x N bidiagonal matrix defined as follows:

1 ifi=j+1or(ij)=(N,1)

0 otherwise

where v; is 1 if # = 1 mod 3 and 0 in all other cases.

The matrix A has the following form:
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OO O
OO O
OO = O
—__ 0 O
_ o O O
O O OO

1 0 ... 0
By Proposition 2.1, the characteristic polynomial of the matrix A is
Pa(z) =22z — 1) — 1,

so its eigenvalues are roots of the cubic equation
2Az—1) = em
with 0 < k < n — 1. A straightforward computation using the cubic
formula leads to the following expressions for z:
1
1 23
f 1 Pk

3 3pr 3.23
Z§:1_1+1¢§z’_1—\/§¢1-pk
3 3.4spy 625
25:1+1+1¢§z’_1+\/§i‘pk
3 3.-4spy 6-2s

where

1
2kmi CTT L T 3
DE = <2+27-e’fn+3\/§. \/462’% +27e"m )

Each formula generates m eigenvalues, corresponding to the m possible
roots of unity. In Figure 4, the differently colored points correspond to
the eigenvalues resulting from the three expressions for z. Numerically,
we observe that the spectrum of the matrix A appears to lie along a
smooth curve. However, the expressions for the eigenvalues z make it
significantly more complicated to describe the curve than it was in the
period 2 case. In an attempt to parametrize this curve, we consider a
circulant matrix C' whose spectrum is equal to the spectrum of A. If
C'is of the form

ag aq as as ... an
an apg Qg as ... AN-_1

C = aN-1 aN Gy a1 ... GN-2

aq as ... Qo
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FIGURE 4. The spectrum of a 99 by 99 matrix.

then the spectrum of C' lies along the curve
£(6) = ap + a16® + age®® 1 - 4 ay_1dN-10,

Therefore, if for an appropriate choice of coefficients a; the matrices
C and A have equal spectra, then f(6) will be the desired parametriza-
tion. To find the expression for the aj coefficients, we identify the
coefficients of the two characteristic polynomials. For the case N = 3,
we obtain the following system of equations:

ag =

Wl

102 =

O

a1+a2: %—Fl

The numerical solution consists of six triplets (ag, a1, as). The curves
that these coefficients describe coincide for the first three solutions, as
well as for the last three, so we obtain two different figures. In the fig-
ures below (Figure 5, Figure 6) we plot the two curves, together with
the eigenvalues of A.

For higher matrix dimensions, finding and solving the system of equa-
tions becomes increasingly difficult. Since the characteristic equation
of A is

2z —1)" =1,
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FIGURE 5. Resulting curves for the 3 x 3 case.
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02
04
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FIGURE 6. The resulting curves for the 3 x 3 case plotted
on the same figure.

the eigenvalues z will be roots of the polynomial

2(z—1) - em.
Therefore, for any fixed k between 0 and n — 1, we attempt to reduce
the calculations to the case of a 3 x 3 circulant matrix. The system of
equations becomes:

ag —
12 =

Ol

a; + as = 6% +1

Solving for (ag, a1, az), we obtain 6 parametric equations for any chosen
kth root of unity. The curves corresponding to these equations will
contain the three eigenvalues that are the roots of the cubic polynomial
in z. If by repeating the process for all £ we find that the equations
describe the same curve, then all eigenvalues will lie on that curve.

A numerical approximation choosing for instance m = 2 (N=6)
shows, however, that the curves not coincide (Figure 7). In fact, when
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02r
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04k
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FIGURE 7. Curves for the 6 x 6 case, all plotted in the same
figure.

the number of periods, m, is large, the curves completely fill up a space
resembling an annulus, which contains the eigenvalues of A (Figure 8).
We conjecture that the shape below is an annulus of center ay.

08r
06
04r

02r

L2k
04k
o0&l

08

FIGURE 8. All curves plotted together for the case m = 100
(a 300 x 300 matrix).

For higher period diagonals, we observe numerically that the spectrum
of A lies on a smooth curve. Fixing the number of periods, m, and let-
ting the size of the period, ¢, increase to infinity (the diagonal sequence
becomes {1,0,0,---0,1,0,---,0,1,---,0}), we state the following con-
jecture:
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Conjecture 2.4. As ¢ — oo, the curve containing the eigenvalues of
A approaches the shape of a circle.

In the following figure, we fix m = 30 and plot the spectrum of A
for values of ¢ between 4 and 100.

2 dim =120 2 dim =150 2 dim =300
2 15 4 05 0 05 1 158 2

95 4 D05 0 05 1 15 2 25 45 4 05 0 05 1 15 2

|, dim=1500 |, dim=3000

2 45 4 05 0 05 1 15 2 2 45 4 05 0 05 1 15 2

FIGURE 9. The spectrum of A for ¢ =4,q=>5,q=10,q =
50 and ¢ = 100 respectively, when A is a 30q x 30g matrix.
As q increases, the shape of the eigenvalues curve begins to
resemble a circle.

3. ALTERED-DIAGONAL CIRCULANT MATRICES

Consider a circulant matrix

Qo a; ... QAp—2 0ap_—1
anp—1 QAo Q1 c. Ap—2
Cn =
a9 aq
aq s ... QAp—1 Qo
and a diagonal matrix
vy 0 0 0
0 v 0 0
Vo = :
0 0



14 MATHEMATICAL PHYSICS 2010

In this section we will study matrices of the form

ag + Vg aq e Ap_9 Ap—1
Qp—1 Qo + v aq Ce Ap—9
a9 . aq
aq a9 oo Q1 Qo + Un—1

Where a; € C, v; € C. These will be referred to as Altered-Diagonal
Circulant Matrices, or ADCM.

3.1. The Finite Fourier Transform. It is well known that an n x
n circulant matrix may be diagonalized via conjugation by the n x
n unitary discrete Fourier transform (UDFT). This suggests that the
UDFT may provide a favorable basis in which to study altered-diagonal
circulant matrices. To further investigate this we define the n x n
unitary discrete Fourier transform.

(Fn)ij = —= - wiDU-D

2% TTx1

Here w,, = e~ n is the first n** root of unity. So,

1
Fo=—
vn . : ' (n=2)(n=1)
1 CL)Z'_I w7(1n72)(n71) wénfl)(nfl)

It is easy to check that F,; ' = Fr so (F, 1) = wy DO

1 1 . 1 1
wl w2 . w7
1 ) ) )
Fl=— : : : :
"V . .
1 : : w;(”*z)(”*l)
1 w;(n_l) o w;("_Q)(n_l) w;(n—l)(n—l)

Now let us see how conjugation by the UDFT affects an altered
diagonal circulant matrix. Define an n x n ADCM

ag + Vi1 lfj:Z
(M) { A((j—i) modn) 1f J F#1
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In the above definition, and throughout the rest of this paper (j — i)
mod n will denote the smallest positive integer equal to n modulo (j—1)
(so it denotes an integer rather than an equivalence class). Now

(O’n)z] = Q((j—4) mod n)

and we define the symbol f of C,, by f(z) = Z;é ay - 2*. Since O, is
circulant it is well known that

)

-1\ _ f(wnil) 1fj:Z
(F-Co- F, )ZJ_{O 74

For the following computation it will be beneficial to write V,, in the
following form:
o Vi—1 lfj =1
(Va)ig = { 0 ifj£i.
So, by standard matrix multiplication,

(an‘Mn‘an_l)ij:(]:n'Cn'F_l)ij+(FN'anr:1)ij

n

= (Fu- Co- F )i+ Y (Fu Vi - (F g
k=1

k=1 =1

= (Fu - Co- F )i+ (Z(fn)il : (Vn)lk> (Fa e

= (Fa Cos B+ 3 (Fdi (V) - (Fa )y

—(F . . T - L ey L kG-
— (]—"n C, - F, )l.j +;vk1 \/ﬁwn \/ﬁwn
= (Fu-Co- F V)i —I—lka_l WD)
=
1 n—1
= (fn C, ]_—;1)” + — Z'Uk wk(lij)
k=0
n—1
flwi=1) + %ka if j =1
_ k=0
- n—1
% v - WD) if j #1
k=0
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Where we define p; = f(w!) and b; = ka w; . Thus,

Fo-Cp - Fit = Lo b
o : = .0
0 0o ... 0 Pn-1

Where the p; lie on the curve f(9D),

b b1 ... bp_a by
bp_1 bo b1 ... by_o
FyoVy ol = ) . ) )
by 1 i . by
by by ... b1 b
Po + bO bl v bn—Q bn—l
bn—1 p1+by b1 ... br—2
Foo M, Fol = ) ) . ) )
by by oo bpor puo1 +bo

Thus, the Fourier transform effectively swaps the roles of C),, and
V,. That is to say, C, is circulant and V,, is diagonal while F, - V,, -
F; ! is circulant, and F, - C, - F,,;! is diagonal. This may seem to
be a meaningless exchange, but it allows us to view M,, as either V,
perturbed by C,, (which is nice to study in the original basis where
V,, is diagonal), or as C,, perturbed by V,, (which is nice to study in
the Fourier basis where ), is diagonal). In either case the object of
interest is a diagonal matrix which has been perturbed by a circulant
matrix. Analysis of such perturbations will be the subject of the next

subsection.

3.2. Circulant Perturbations. In this section we will derive the for-
mal power series in r for the evolution of eigenvectors and eigenvalues
of a diagonal matrix D,, + r x C,, where D,, is diagonal, and C), is cir-
culant (C), here is not necessarily the same as in the previous section,
although it is circulant in both cases). Note that this power series is
only “formal” because, for the moment, there is no guarantee that it
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will have a non-zero radius of convergence. The goal is to first de-
rive the formal power series in general and then find explicit radii of
convergence is certain special cases. To begin, define

Dn _ . . . .
0 .0
0 0 0 Pna
and
bO bl . bn72 bnfl
bnfl bO bl bnf2
C, = :
b ’ by
by b . b1 b

where b;, p; € C.

When r = 0, we need only find the eigenvectors and eigenvalues of
D,,. Since D, is diagonal, these are quite simple, indeed this is one
advantage of using a diagonal matrix as the starting point of a per-
turbation. We will denote the ¢** eigenvalue of D, by A9, and the
corresponding eigenvector (an n x 1 matrix) by V4. Thus A = p, and
(V9);1 = 6(i — q) (here 6 denotes the dirac delta function).

Since the power series must be written in n variables standard multi-
index notation will be used. Thus b will be the n x 1 vector defined
by b1 = b; (where b; is defined as above), and « will be an n x 1 vec-
tor of positive integers, where «;; is the exponent of b; in the product b“.

VirNa=0(i—1—q)+ Zrd Z ¢ b

d=1 a:|al=d

X(r) :pq—l—i?"d > kL

d=1 a:|al=d
For a given degree d the ¢, and k¢ with [a| < d must be chosen
such that

(Dp+1-Cp—Xr)-1,) - VI(r) = O(r(d+1))
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of course the values of ¢} , and k% with |a| > d cannot affect this con-
dition (I, in the above denotes the n x n identity matrix; the condition
O(r?) applied to a vector simply means that every component of the
vector, or equivalently the norm of the vector, must be O(r?)). Addi-
tionally, from now on the mod n in the subscript of b; noq» Will be
omitted for notational simplicity, but these subscripts are still to be
interpreted as described earlier. By an easy computation, we have

o0

pi—l_pq_zrd Z kg'ba+r'b0 lf]:Z

d=1 olal=d

(Dn—i-TCn—)\q(T)In)U =

Therefore, by standard matrix multiplication

n

(Do 41 Co = XI(r) - L) - V() = ) (D1 Co = M(r) - L)y - V()

j=1
o L R D D DR AR ) I RIS R S W P
d=1 a:|al=d d=1 a:lal=d
+Y by [0 —1—g) > > b
JFi d=1  «a:|a|=d

=(Pic1 —pg) S —1=q)+ (P —pg) - D 1" >y - b°

0 —1=q)- >t > k= Ot > k) Ot Yy, 07
d=1  a:la|=d d=1  a:a|=d d=1  a:la|=d

+T-b0'5(i—1—q)+7”'b0~27”d Z ¢} 1o "

d=1  aia|=d

+ Y by 0 —1—q) + irdﬂ SN el b
=1

J#i a:la|=d j#i



SPECTRAL ANALYSIS OF NON-HERMITIAN MATRICES 19

= (i1 —pa)- )" Y
d=2

a:lal=d
(i —1—¢q)- ir Z kL - b — Zr Z Z RN
=2 oila|=d azlal=d y+B=a
DACSEITD SR SRUEV I ENED SEIED SRR
ozfal=1 olal=1
+Zr Z|: 2; sy O
al=d j
:7“‘( Z ((pifl_pq)'Czq—l,cx—(s(i_l_q)'kg)’ba+bq+1fi)
a:lal=1
+Z7’d Z (Pic1 = pg) ¢ 10— —0(i—1—q)- Z ARy
d=2  ailal=d ~4B=a
Z C;]‘—l,a—cS(j—i)) b

j=1

Note that for v and (3 in the above equations we require ||, |3| > 0
(this restriction was omitted for space considerations). Equivalently
we may omit this condition (allow |y| = 0 and also omit the —kZ term
in the above (and define ¢ = 1 when |y| = 0), but for clarity we will
use the first convention in the future. Now to satisfy the requirement
that

(Dy +1-Cp — N(r) - I,) - V(r) = O(r@)
for all d, and for general b; € C we must set each of the coefficients of
b in the above expression equal to zero. Thus, we obtain

(pic1 — pg) - € 115 —(5(2—1—q) kq +5( —q—144)=0

n
(Pie1—pg) 10— 0(i—1—q) -k — Z 1y k% "‘Z Cg‘—l,a—é(j—i) =0
Y+B=a Jj=1
These equations produce the following recursion for the power series

coefficients
q B d(w+1i—q)
Cisw) = =
Pq — Di

for i # ¢, and
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k) = 0(w)

n

1
Cia = ] i'<ZC?,a—6(j—i>_ Z CN)

j=1 Y+B8=a

for i # ¢, and

n
Ko =2 Gastioa = 2 o K
j=1 V+B=a

Note that the above recursion does not determine the values of ¢f ,
Intuitively speaking, this is because eigenvectors are only determined
up to a constant multiple. Thus we are free to choose the values of
cg since these coefficients simply determine how much the eigenvector
is “stretched” as r grows. To make this notion precise we introduce a
new recursion which corresponds to the case in which all of the ¢f , are
set to zero:

40 _ o(w+1i—q)
io(w) pq —Di
for i # q,
q _
tosw) =0
and
Sy = 0(W)
I 1 n t
Z}a—p_p.«ZJa 5(G—i) Z
@ =1 Y+B=a
for i # q
ti,=0
and

n
q __ q —
Sa = th,a—é(j—q) > s
j=1 v+B=a
So s here plays the role of the eigenvalue coefficients k2 in the earlier
recursion. Similarly, ¢{, plays the role of the eigenvector coefficients

¢! in the earlier recursion.
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Lemma 3.1. With the above notation, we have

q9 _ 1.9
Sa_ka

and

fﬁf“ > c?,a-b“=<1+ird > el 1, )
d=1

olo]=d d=1 olol=d =1 a:|al=d

Q

Proof. We have

1+z S e S e

ailal=d ailal=d

:ird_ q ba ra. Cq’aboz Z Z tq e
d=1

\a| d d=1 a:|al=d d=1 o:|al=d

«

oo
Z r Z tia + Z i q ﬁ Z re Z ci o b

d=1 a:|lal=d Y+B=a d=1 olo]=d

so the lemma is true if and only if
i = ta T Z tzqﬂ ' Cgﬁ
y+B=a

we attempt to prove this new condition by induction. That is, we
assume this is true when |a| < d (it is easy to verify in the base case),
and now when |a| = d

1 n
Cg,a = : <Z C;Z',afé(jfi) - Z 0377]{;%)

J=1 y+B=a

n

T b1 Do\ thasgn T DL tiachs,

j=1 e1tea=a—48(j—1)

— 2 |t Dl tenen | K

’Y+ﬁ:a €'yl+572 =
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_ 1 . ¢ 1 1
pq—-<]z’““ Ztk) Pq — Di

pi Y+B=c
n
q q
DX Haha— D D el
J=1 e1+ea=a—5(j—1i) Y+B=a ey1t+e2="7

Note that by the earlier recursion

tio = (i acsgmn = Dt kq)
j=1

Y+B=a

thus obtaining,

g _ 49 q q q
Ciq = bia T _ Z Z bie, '03,62 - Z biy " kﬁ cga
Pq — Pi J=1 e1+e2=a+4d(5—1) Y+L+e=a
1
_ 14 q
_ti7a+p — Di Z Ztﬁ 8(G—i) " “a.B Z Z Wvl' 672'Cq[3
P\ y+B=a j=1 N+ B=a eq1+Era=7
1
_ 44 q
_ti7a+p — Di Z Ztﬁ 8(—i) " "B Z Z Zawl' 672'Cqﬁ
P \y+B=a j=1 N+ B=a a1 +Era=7
1
_ 49 q q q
(Y Y .- X mam
pq pi =1 g1 +es=a— (5] Z) Y+ B+e=a
n
_ q q _ q q q
=1 il DDA S DR N
y+6= 06 Jj=1 ey1teq2="
_ 44 q q
=tiat Z tiq " Cop
Y+B=ca

The last line follows from the recursion defined for ¢/ i~ earlier.
The second equivalence above is taken to be formal power series
equivalence. O

To represent this relationship more clearly we define an “unscaled”
eigenvector

(Vi(r)a =0(t =1 —4q) +Z D thiab

d=1 o:|al=d
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Corollary 3.2. With the above notation, we have

Vi(r) = 1+Zrd Z o b - Va(r)

d=1 a:|al=d

Proof. This follows directly by applying Lemma 3.1 to each element of
the vector on the right hand side. 0

The notation used above was necessary to prove the given state-
ments. However, we can simplify our notation by removing the ¢’s
and s’s, which we will not need for the rest of our work. This is ac-
complished by defining “scaling coefficients” s = ¢ , which may be
chosen freely (we have relieved the symbol s of its earlier role in which
s¢ = k2 and from now on we will use only k2 as the eigenvalue coethi-
cient). Having done this we then redefine the ¢’s as c;”a = t?va, allowing
them to take the place of the t’s so that they are free of the arbitrary
choice of scaling coefficients. To conclude we rewrite our results in our

new notation.

(Vi(r)a =6(i—1—q)+ Zrd Z ¢y b

d=1 a:|al=d

Vi) =1+t Y st-b) - Vi(r)

d=1 a:lal=d

M) =p,+ > 1" > kLb°
d=1 «aia|=d
and the recursion corresponding to our new notation is
g O(w+i—q)
Cigw) = = o
Pq — Di

for i # q,

q _
Cao(w) = 0
and

kg(w) = 0(w)

1 1
Gl = Pq — Di Q. Cas(j—i) > kg = Q. Chra—d(i—9) " > kg

j=1 y+h=a Pa =P Sy y+i=a




24 MATHEMATICAL PHYSICS 2010

for i # ¢, and
n
q _ q _ g 1.9 _ q
ko = Z %a—s(j—q) Z Cory K5 = Z % a—6(j—q)
j=1 +B=a j#q

4. RESTRICTING PSEUDOSPECTRA USING JORDAN DECOMPOSITION

In the preceding sections, we studied the spectral properties of ma-
trices utilizing only the set of eigenvalues. We now proceed to introduce
the € pseudospectrum as an extension of the definition of the spectrum.

For an n x n complex matrix A and z € C, let 0(A) denote the
spectrum of A. Then the following statements are equivalent:

(1) z € 0(A)
(2) (z— A)v = 0 for some vector v # 0
(3) (2 — A) is not invertible

The following three characterizations of the pseudospectrum relax

these properties of the spectrum, creating a more inclusive set.

Definition 4.1. Let A € Mat,,,,(C) and € > 0. Let ||-|| be an operator
norm. The e-pseudospectrum o.(A) of A is the set of z € C such
that:

(1) z € 0(A+ E) for a matrix E € Mat,,«,(C) with norm ||E]| < €

(2) ||(z = A)v]| < € for some vector v such that ||v]| = 1 (in which
case we call z an e-pseudoeigenvalue with e-pseudoeigenvector
v)

(3) [[(z— A)~!| > £ (with the convention that if z € o(A), then
I(z = A)7H| = o).

Theorem 4.2. ([14]) Conditions 1, 2 and 3 are equivalent.

Proof. We follow the proof outlined in [14].
In the trivial case that z € 0(A), z satisfies conditions

(1) E=0,z€0(A+FE)and |[E||=0<ce¢

(2) I(z = A)v| =0 < € for some v # 0),

(3) lI(z = A) M =00 > ¢.

If 2z ¢ o(A), then (z — A)~! exists, and we prove (1)=(2), (2)=(3),
and (3)=-(1).
First, we show (1)=(2). Suppose 3 E' € Mat,,»,,(C) with || F|| < € such
that z € o(A + E), that is, there is a vector v € C" (which we may
choose so that ||v|| = 1) satisfying (A+ F)v = zv. Then Ev = (z— A)v
and
I(z = A)oll = [|Ev]| < [[E[[lv]l = [ E]l <e.
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Next, we show (2)=-(3). Suppose 3 v € C" with ||v|| = 1 so that
|(z — A)v|| < e. Then (z — A)v = su for some u € C", |lu]| =1 and

some nonnegative s < e. So (2 — A)~(su) = v, ||(z — A)"tul| = L
and [[(z — A)7Y| > 1> 1

Finally, we show (3)=-(1). Suppose [(z — A)7*|| > 1, and let u be

a unit vector, that is, [lul| = 1. Since ||(z — A)"'ul| > %, we may
decompose (z — A)~'u into a vector ||v]] = 1 and a nonnegative real
s < e ”
-1
(z—A) " u= "
Thus,
(z — A)v = su.

Define a functional [ from Span(v), a subspace of C", into C by
l(aw) = al(v).
l(v) = 1, so [l = [l{(v)|| = 1. By a corollary to the Hahn-Banach
theorem (see 6.10 in [13]), there exists an extension [ : C" — C so
that, as with [, lv =1 and ||{/|| = 1. Define a rank one map E from C"
to Span(u) C C™ by
E(x) = sl(z)u for any z € C".
Because ||E|| is a linear map from C" to C*, E € Mat,,»,,(C) with norm
I1E]| = [|sull

=5 sup |ulz||

<'s sup ||ul]|llz]]

[|z]|=1
= s]|ull[|7]
=35

< €.

Also, Ev = s(lv)u = su. Therefore, (z—A)v = Ev and zv = (A+ E)v,
meaning z is an eigenvalue of (A+FE). So z € 0(A+E) , and z satisfies
condition (1). O

The equivalence of these definitions holds for any operator norm.
From here on, however, we denote vector and matrix norms as follows.

Let A be an n x n matrix with entries a;; € C. We define the infinity
norm to be



26 MATHEMATICAL PHYSICS 2010

1]l

max = TAX |aj]

,

where a;; are the entries of A. Let a = (a;)}.; € C". The vector 2-norm
and max norm are denoted in the usual manner:

In particular, note that from here on, we use ||A|| to denote the
operator 2-norm:

Al = sup [[Az]], .

llz]l,=1

The Frobenius 2-norm:

1Ally =

will also be useful.

It is clear that ||A|| ..., ||A]l, and || A]|, are all norms. It will be clear
from context whether we use ||-||, to mean a vector norm or a matrix
norm.

Lemma 4.3. Let A be an n X n matriz with entries a;; € C. Then

AI] < 7 [[Al] o

Proof. We follow the method outlined in [10].
It suffices to show that

AT < [IAll, < n[Al| oy -
A* is the adjoint of A, or the complex conjugate transpose of A, and
A*A is a compact symmetric operator. By results from operator anal-
ysis, therefore,
2 * *
IA[]" = [[A"A]] = p(A"A)
where p(A*A) is the spectral radius of A*A. Let \;;-; be the eigenvalues
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(with multiplicity) of A*A. A*A has real, nonnegative eigenvalues,
therefore

p(ATA) <) N(ATA).
A* A is similar to its Jordan canonical form (see the next section), and

hence

D Xi(ATA) = tr(A%A).

Now let b;; be the entries of A*A. Then notice

bij = (@i, a;),
where a; is the j column vector of A and a; is the complex conjugate
a;, as ;! is the i row vector of A*. Thus we have

n

tr(A*A) =) |bil

=0

= Z@’ai)
= ZZ ||

i=1 j=1

2
= (1Al

proving that [|A[| < [|A4]],.
Now for the other inequality,

HAIE =D layl®

i=1 j=1

n n
<> ) maxayl?
2¥)
i=1 j=1
=n? max ’%’2

’

2
=n"[|A]|

max ’

thus proving that ||Al|, < n||A]|

max °
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Remark 4.4. Define () € Mat,,,,C with all entries ¢;; = 1, that is,

111
111
@=1. .. .
111

The matrix J attains equality in Lemma 4.3.

Proof. We continue to follow [10]. Note that n is an eigenvalues of Q
with eigenvector z = (1,1,--- ,1)T. As Q is a positive matrix and z
is a positive eigenvector, by the Perron-Frobenius Theorem, n is the
largest eigenvalue for ). Alternatively, we can also note ) has rank
one, so n is its only eigenvalue. As () is a self-adjoint matrix, we have

QI = Vp(Q*Q)
=V p(Q?)
=V Amaz(Q?)
= Vn?
= 1||Q] o -
O

Definition 4.5. A matrix A € Mat,,«,,(C) is normal if it is unitarily
diagonalizable, that is, 3 a unitary matrix U and a diagonal matrix D
such that

A=UDU .

Equivalently, A has a complete set of orthogonal eigenvectors.
Theorem 4.6. ([14]) For any A € Mat,«,(C), € > 0,
o(A) 2 0(A) + D.(0)
and if A is normal (using the operator norm)
o.(A) =0c(A)+ D.(0)

Previously, the Bauer-Fike theorem provided bounds for the pseu-
dospectrum for diagonalizable matrices.

Definition 4.7. A matrix S has condition number

K(S) = 1SS~
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Theorem 4.8. (Bauer-Fike) Let A € Mat,x,(C) be diagonalizable,
that s, there exist invertible matrixz S and diagonal matriz D such that
A=SDS™ ' Lete>0. Then

0(A)+ D0 C 0 (A) C0(A) + Deys)0

4.1. Jordan Canonical Form. For A € C and n € N, let J} €
Mat,xn(C) with entries

A forv =7
aj =4 1 fori=j5+1
0 else
For example,
210
Ji=10 21
00 2

These Jé\ are called Jordan blocks. A matrix J € MatyxC 1s in
Jordan canonical form if

J=JINa e o M

where n; € Nand \; € C for each i, 1 <i<m < N, and

=1

A matrix of this form is called a block diagonal matrix because the
Jordan blocks J,i‘; are arranged along the main diagonal of the matrix.

The following theorem states that every matrix is similar to at least
one matrix that is in Jordan form.

Theorem 4.9. (Jordan Decomposition Theorem,)

Let A be any square matriz. Then there exists an invertible matrix
S and a Jordan form matriz J (which shares its eigenvalues with A)
such that

A=SBS™ !

A proof may be found in [4].
The generality of this theorem is crucial to our proof.
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4.2. More important facts about block diagonal matrices. A

few well-established facts about block diagonal matrices will prove use-
ful.

Lemma 4.10. Let A € Malyyn(C), let A = @, A; where A; is an
n; X n; matrix with complex entries. Then

det(A) = ﬁdet(Ai).

Proof. Clearly, if m = 1, then det(A) = det(A;). It will suffice to prove
the lemma for two blocks (m = 2), since we can always group blocks
Aq to A,,_1 as one block and rewrite the matrix as the direct sum of
two block matrices. We must show

(1) A= Al D AQ = det(A) = det(Al)det(Ag)

We will proceed by induction on ns, the dimension of the second
block. Suppose As is a 1 x 1 matrix, that is, Ay = {anxy}. Then
expanding along the last row of A, we get

det(A) = ayydet(A4;)
= det(Ag)det(Al)

So Equation 1 holds when ny = 1. Now assume that Equation 1
holds when ny = k. Suppose As is a (k+ 1) x (k+ 1) matrix. Let B;
be the k£ x k matrix obtained from A, by deleting the i*" column and
the first row. Let C; = A; & B;. Then taking the determinant of A by
expanding along row n; + 1, we obtain

k+1

det(A) = Z(— 1)i+1a(1+m)(i+m)det(Ci).

=1

C; is the direct sum of one block, A;, with a k£ x k block, B;, so by our
induction hypothesis, det(C;) = det(A;)det(B;). Thus we get
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k+1

det(A) =D (=1 a(1an, )i det(Ar)det(B;)

=1

k1
= (Z(_ 1)Z+1a(1+n1)(i+n1)det(Bz‘)> det(A;)
i=1

= det(A;)det(A,),

proving (1).
U

Lemma 4.11 is a closely related fact concerning the characteristic

polynomial of A, defined p(A) = det(z] — A):
Lemma 4.11. Let A and {A;}™, be matrices such that
A=A QA D @ Ap.
Then

Proof.

2l —A=21— (A1 DA DA,
=(zl—A) P (2l —A) DB (2] — Ap)

det(z] — A) = [ ] det(=I — A;)
=1

as desired. 0
Next comes a convenient fact about the norms of block matrices.

Lemma 4.12. Let A = @21 A;, where A; are n; X n; matrices. Then
141 = max{[| A}

Proof. As with Lemma 4.10, it suffices to prove Lemma 4.12 for the

case m = 2. Thus,
(A O
A= (04

where A; is an nq; X ny matrix and A is an ny X ny matrix, and we
wish to show that
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(2) ||A]] = max([| A [, || A2]]).

Then we see that A; : C" — C™, and that C™ are each Hilbert
spaces. Moreover, C™ ¢ C™ = C™*"2  That is to say, the subspace
of Cm*™2 that acts as the domain and range of the block matrix A; is
orthogonal to that of Ay in C™*"2, Thus we have, by norms of direct
sums, for A1 @ Ay : C" e C™ — C™ ¢ C"2,

|A]] = || A1 @ Ay
= sup |[(Aiz, Aw)l],
()l =1
2 2
= sup /I Asal + (| Azl
llz]3+]]yl13=1
2 2 2 2
< sup \/HAlH |5 + [[A]|” [|yll3
llz|3+yl13=1
2 2 2
< sup \/||max(||A1II,I|AzII)|I 2[5 + (max([|Aq]], [[A2]])? [|y]l5
llz[13+y3=1
o A A 2 2 2
= sup (max(||A1]], [ 421 )2 (|5 + [ly]15)
llz| 2+ lylI3=1

= max(|[A][, [|Az2]]).

Now we will show inequality the other direction. Without loss of gen-
erality, suppose max(||A1||, [|A2|]) = ||A1||- Then

[[A1 @ Ao|| =  sup  [[(Arz, A2y)ll,

1(zy)ll;=1
> sup \/IAual+ || syl
llzlla=L,]lyll;=0

= sup |[Auz|l,

llz[l;=1

= [[Ad]]
= max([|Aq]], |[A42]]),

and we have proven Equation 2.
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4.3. Disk Bounds for Pseudospectra. For any r > 0, ¢ € C, denote
the disk of radius r about ¢ by

D.(c)={z€C|lc—=z| <r}.

Theorem 4.13. Let J € Matyyn(C) be in Jordan canonical form,
that is, let

J=JIN@®I2e @I,
where n; € N and \; € C for eachi, 1 <i<m < N. Let n = max(n;).
Then for 0 < e < %, we have

1 (\).

(nse)™i

U D (M) Co()) D
=1 =1

Proof. Note that for all i, n; <nande< * < L

n — n;'

For the first inclusion, let a € D 1 ()\;) for some specific . We may
[

write

a— N\ =re?,

where r,0 € R and r < eﬁlz'. Let 3 = r"e™ so that
(@ —=XN)f =7
Let

so that the entry (a,b) of J)¢ is the entry (j; + a,j; + b) of J. Let
E € Matyyn(C) with entries

o, — 5 fOI“ (a,b):(jﬁ—ni?ji—i-l)
=7 0 else.

Clearly
1B =16] <€
and
P(L) = (2= )" =,
so the zeros of P(J)) are given by:

(z— )" =8

One solution is
Z — )\z = X — /\Z

=
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So « is a zero of P(J;¢). By Lemma 4.11, o is also a zero of P(J),
thus « € o.(J). For the second inclusion, let z € o.(.J), so that by the
definition of pseudospectrum,

B 1
I(zf = )7 = -
Note that
(=) =Pl - I
=1

By Lemma 4.12,
(=1 = J)7H| = max || (=1 — J3) 7|
and by Lemma 4.3,
max [(21 — ) 7| < max(nil|(2] = J3) ™ flmax)

Thus,

| =

max(nl| (2] = J3) ™ flmax) 2 o

meaning that for some 1,

1
nill (21 = J3) ™ lmax > =
€
It can be easily verified that (2 — J7)~" has entries
g (z =N fora<b
@70 for a > b

and therefore that
11 = T e = { =2 itz =N > 1

The second case leads to

n; > nl(z—N)7 >

a |

Y

and € > %, a contradiction. Therefore, the first case must be true,
from which we find that

1

Y
n;e

(2 = A)™™

= [[(z1 = J3) Hlmaw =

[(z — Ag)™
[(z =) < (nze)%@

S n;€,
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and

L ().

g

zeD N)€EL D
ey ) U (ne)

nie) i et
1=

1 1

Remark 4.14. Because 0 < € < 1, if ny > ng, then (e)"1 < (€) 2.
Thus, an expression such as

may be understood in terms of the largest block dimension correspond-
ing to each distinct eigenvalues. That is, if 0 < € < 1 and we let

then
D =D .\
Ul i) U M)
= i€l

In order to generalize this theorem to all square matrices, we define
the condition number of a matrix.

Definition 4.15. An invertible matrix S has condition number
K(S) = ISIIS.
The next lemma restates theorem 4e in [5], relating matrix similarity,

pseudospectra, and condition numbers.

Lemma 4.16. Let A,B € Mat,»,(C) and suppose 3 an invertible
matriz S such that A = SBS™'. Then for all ¢ > 0,

o« (B)Co(A) C UH(S)E(B>'

w(S)

Proof. Begin with the right hand side inclusion. Suppose z € o.(A).
Then
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A=SBS!
22— A=828"1—-85BS!
=S(z— B)S™!

(z=A)'=85(>-B)"'5™
Iz = A7 < 1Sz = B) IS~
= k(S)lI(z = B)|
e <z -A)7
<RSIz = B)7
(en(S) ™ < (== B)"|

This shows the right hand side inclusion, and since B = S~*AS, it also
implies that for all { > 0,

0¢(B) C 0x(s-1)c(A).
Note that
K(S) =SS~ = K(S71),

and let ( = @ to show

We are now ready to prove our main result.

Theorem 4.17. Let A € Maty«n(C) be a matriz. Let S, J € Maty«n(C)
be a corresponding invertible matriz and Jordan form matrix such that
A= SJSt. As before, write J = @.", J) and n = maxn;. Then for

=1 “n;

0<€<%, we have

_c_(J) Coc(A) Cous)eJ).

w(S)

Applying Theorem 4.13,
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and -
0‘:‘{ € J g
(9)e(/) U ey )
Therefore,
D 1 (N) Co(A) C D (A\)
l:le (»;(%))nz sz-Jl (nik(S)e) ™i
as desired.

4.4. An optimal upper bound. Here we use the upper bound in
Theorem 4.17 and a tighter restriction of € to prove an optimal upper
bound.
Let n € N. We define a function f, : (0,1) — R by
1—2a"
fn(x> =

n — pntl :
We also define the interval @,, as the image

-1 (o))

Lemma 4.18. f,(x) is strictly decreasing on the interval 0 < x <

_n_

n+l
Proof. By the product rule,
J () = (2" — 2" Nn — (1 — 2™)(n2™ ' — (n + 1)z")
" (x7 — ntl)(azn — gntl)
The denominator is positive, and the numerator reduces to
—2? + (n 4+ 1)a"™ — na™ L.
We compute
n
T < ol
(n+1x<n
(n+1)z" < na" !
—2”" 4+ (n+ 12" —nz" ' <0
f'(x) <0.
O

Remark 4.19. The interval on which f'(z) < 0 actually extends far-
ther to the right. As a consequence, in the upcoming theorem, the
upper bound on € will not be the lowest possible.
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Corollary 4.20. Let n € N. Given q € @Q,, there exists a unique
Ty € (O, nLH) such that f,(z,) = q.

Proof. Existence follows from the definition of @),,, and uniqueness from
Lemma 4.18.

O

Define the inverse function of f,, on @, as:
1.0, 0 o
e ((077))

fn_l(Q) = Zgq-
By Corollary 4.20, ! is well defined. Also, for n € N, let

where for ¢ € Q,,,

_ nn
= n(n+1)"
For n € N, we define
n n n \n+1
)" - )"
1= (35)
Lemma 4.21. Let n € N. Then

(1)

&n =

(2)

Nn <

S|

Proof. For (1), let 7 € N,0 < jl < n—1. The following two statements
are clear:

n—1-0n-1-1)---(n—1-(j—-1)) <n’
and

(n—1—=j)<(n—1-j).
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Multiply each side to find
(n—1D!'<(n—1—j)jn

i (n—1)!
= —1-j)y!
. . - ! .
J(mn—j—1 > (TL n—j—1
) 2 (n—1— "
L (n—1)! n—j—1
(n—1—7)lj!

n <1
(n+1)n-1 —
n?—n—n? >4l —
- (n+ 1)1
n? n \"
n — >1—
n+1 n—+1
==
- ()"
n \" n n+1 n
()" - () n
=) by
§n = M-
For (2), see that
n" B 1 n n-l
nn+1)n  1T4+n\n+1
- 1
14+n
1
<_
n

39
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Lemma 4.22. [f0 < e <&, then % € Qn.

Proof. The only possible discontinuities in the rational function f,(x)
are at r = 0 and x = 1, so f,(x) is continuous on the interval (O, nLH)
Observe that

and
fn( n ): 1_(#1) +1
ntl () - G
1
&n
1
< —.
€
Thus
n 1
Z < i
o) <2 < g 1)
By the Intermediate Value Theorem, there is some z, € (0, HLH) such
that f,(z,) = L. Thus, I € Q,. O

Lemma 4.23. Letn e N, 0 <e<&,. If ¢ > %, then q € Q,, and

fu(a) < fn‘l(%)-
Proof.
! < q < lim f,(x).
€ z—0+

By the Intermediate Value Theorem, ¢ € @,, and by Lemma 4.18,
fita < £ () O

Theorem 4.24. Let J € Matnyn(C) be in Jordan Canonical Form,
that s, let

J=INa e @ M
where n; € N and \; € C for each i, 1 <7 <m < N. Let n = minn,,.
Then for 0 < e <n, we have

Di)\ZQO'EJg Dfl/\i.
H (E),}i( ) () ZLJ1 fnil(e)( )

Proof. By Lemma 4.21
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as required by Lemmas 4.22 and 4.23, and € < % as required by The-
orem 4.17. The first inclusion of this theorem is identical to that of
Theorem 4.13.

For the second inclusion, let z € o.(J), so that by the definition of
the e-pseudospectrum,

B 1
I(z1 = )7 = pt
Note that
(2 =) =P - 1)
=1

By Lemma 4.12,
(1 = 7)7H| = max|[|(=] — )|

So for some 1,

(3)

oA |

< Iz = T3 Hl-

Equation 3 leads to |z — \;| < (nle)’% as in Theorem 4.13. Let r =
|z — A\;|. Substituting, we find
r < (nze)%
1
< (nit, )™

g

n. 1

< (pm— i N\mg

So either r = );, in which case

is trivial, or r # \;, so that

n.
4 O<r<———.
() " nz—i—l

By Equation 4 and Corollary 4.20, r is the unique z € (0, n:l-i-l) such
that f, '(z) = f,'(r). We may write

(5) r=fo (fui(r)
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Equation 3 also yields

1
= < max (=] = 2"l

€ vll=1
(z=X)" (z=N)72 o (2= )™ 0
Yy \—1 .. : v
= max 0 (2= A) ' ' ' ?
foli=1 : : Y (=) :
0 0 (Z — )\i)fl Un;
n, o, 2\ 2
< max i z—N\)7F
~ Ivl=1 ; ! ;( )
1
uz N4 2 2
= max 3 fol* Dz =2
j=1 k=j

Applying the triangle inequality,

1 ng ng
i=1 k=j

1
2

1
2

n; n; 2
2 —
< max E v, E rk
[oll=1 \ “= —
Jj=1 k=1

[N

n; 2
—k 2
= max r |,
floll=1 —
7j=1

k=1
1
i g 2
—k 2
=max » r E v,
lolj=1 4 "
k=1 J=1
ng
= E ’]"71C
k=1

This is the partial sum of a geometric series:

1 el

€ r-1 -1
1—r"

)

= fni(r)

|
IN
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Lemma 4.22 states that £ € Q,, and Lemma 4.23 and < f,,(r)
together imply that that f,,(r) € @,, and

fo(€) < £ (i)

Substituting from Equation 5,
fil(e) <r=lz= Xl
So
Z € Dml(%)()\i),
proving that

=1
O

This improvement of the bound on the pseudospectrum of a Jordan
form matrix has obvious consequences for the general case.

Theorem 4.25. Let A € Matyyn(C) be a matriz. Let S, J € Matyyn(C)
be a correspondmg invertible matriz and Jordcm form matriz such that

A= SJS™L. As before, write J = @.", JY and n = mln Mn;- Then for
0 < e <n, we have

zln

D ( CO‘E C D 1
(6)71,1 fnln 5e)

Proof. Theorem 4.25 follows stralghtforward from Lemma 4.16 and
Theorem 4.24 as Theorem 4.17 followed from Lemma 4.16 and 4.13. [

Next, we prove that the righthand bound in Theorem 4.24 is optimal.

Theorem 4.26. Suppose that for some w > 0, for all J € Matn.n(C)

in Jordan canonical form, that is,
J=J @@

where n; € N and \; € C for each i, 1 <i<m < N, and n = minn,,,
it is true for all 0 < e < n that

U
=1

Then



44 MATHEMATICAL PHYSICS 2010

Proof. For each 1 < i < m, let z; = A\; + w. From the above proof of
Theorem 4.24, we know that

(2] = T3 7HE < falzi = A)

= fn(w)
Moreover,
(il = 2271 = ma (s = 7)1
(2 = A)7h (= A)72 e (= A)T™ 1
- : . (Zz )\0—2
0 0 (z—X)t 0
= Z(Zz >‘z>_k
k=1
=) (W)™
k=1
= fn(w)
Therefore,

(il = Tp)7Hl = fa(w)
Since z € Dy, (\;), z € o.(J). By definition of pseudospectrum,

1 _
—< eI =07

= max |[|(] — )7

So for at least one 1,

so by Lemma 4.23,
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Remark 4.27. The lower bound,

m

i=1 D(n(es))"% ) € ol 4)

seems to be optimal also, but we know of no proof.

4.5. Discussion of condition numbers. By the Jordan Decomposi-
tion Theorem, any matrix can be reduced to one of its Jordan Canonical
Forms through conjugation with a similarity matrix. That is, for any
A € Mat, x,(C), there exists S € Mat,x,(C) such that S is invertible
and, for J the Jordan Canonical Form of A, J = S7'AS. Our theorem
concerning the disk bounds on the e pseudospectra of A involves the
condition number x(S) = ||S]|[|S7!||. We are interested in minimizing
k(S) for a given matrix A.

We note that the matrix S is not unique; we may scale S by a
constant. We even have more freedom in choosing S. Let 51,5y €
Mat,, ., (C) such that

J = S;1AS,
= S;tAS,
then
J = S715,J8,19;
= (83187 I(S51S)).
It suffices to calculate the degrees of freedom (the number of free pa-
rameters) in the choice of S = Sy 1Sy, since if given a fixed Sy such

that
J = S;tAS,,

then conjugating A by SpS would also result in the matrix J, and as Sy
is invertible, it is one to one, so the degrees of freedom are preserved.
Let S(A, J) be the space

S(A,J) ={S, SA=JS}

and let
S (A, J)=8(A,J)NGL,(C)

where G L, (C) is the general linear group of complex matrices of degree
n. Notice that fixing an Sy as above, if T € §*(A4, J), then we see that

T'AT = J and S;'ASy = J

and hence
(So ') ) 1S T ) =
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so 8*(A,J) C SyS*(J,J). Now, as noted earlier, for S € S*(J, J), con-
jugation of A by SpS also results in J, so we have S*(A, J) = SoS*(J, J).
Thus, it suffices to calculate the degrees of freedom for S*(J,J). We
make a further observation that the degrees of freedom belonging to
S(A,J) and S*(A, J) are the same; the Lebesgue measure belonging
to the set GL,,(C) is full measure. Thus, an intersection of this set
with S(A, J) will either annihilate the entire set or preserve the same
degrees of freedom; since I € S(A, J), the degrees of freedom are pre-
served. We define the degrees of freedom of the choice in S to mean
the number of free parameters in which we may choose a value for each
parameter from an infinite set. We are interested in finding the degrees
of freedom corresponding to the set S*(A, J), or equivalently, to the set
S(A, J), as a means to find the infimum of x(S) for all S € S*(A, J).
We proceed with a few lemmas.

Lemma 4.28. Let J,(\) be a Jordan block of dimension n and let
T € Mat, x,(C). Then TJ = JT if and only if T is an Upper Toeplitz
matriz.

Proof. (=) Suppose T is an Upper Toeplitz matrix. Then

A1 0O --- 0 ap @1 Qp_1  Qp

A 1 0 0 ap Ap—1
JT' = Do : —— . :

0 --- 0 A 1 0o --- 0 ap ay

0 -+ - 0 X\ 0 --- 0 0 ao

Aag Aap+ap Aag+ar - Aap +a,—

0 Ao a1 +ag o Adp—1 + Gp_o

0 0 )\CLO )\CL1+CLO

0 0 0 Aag

and similarly

ag ap c QAp—1 Gy Al o --- 0
0 a - -+ Qpo1 0 A 1 .0
Ti=1| . . : S
0 0 Qo aq 0 0 A 1
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Aag g+ a1 a;+Xas - an—1+ Aa,
0 )\ao ag + )\Cll cer Qp_o T+ )\CLn,1
0 s 0 )\CLO ag + /\(11
0 e 0 0 Aag
SoJT'=1TJ.
(<) Now suppose J commutes with 7. Then
Al 0 -0 a1 aro o QAlp-1 a1
0 X 1 o0 2.1 Q22 - a2.n—1 a2.n
JT — . . . .
o --- 0 A 1 an—171 an—l,? o an—l,n—l an—l,n
0 --- -+ 0 X\ Qp,1 Gn2 *°° Opp-1, n.m
Aayy +azy  Aaigtagy o o A, tagy,
Aag 1+ az, Aago+azs - o Aoy, +as,
/\an—l,l + Qp,1 /\an—1,2 + Qpo = /\an—l,n + Qpon
A1 Ay el Ay
and
ay Q1.2 ce a1mn—1 A1n Al 0 0
a1 Q2o ++ Q2n-1 A2n 0 A 1 .0
ap—1,1 QAp-12 *°° GQp—1n—1 Qp-1n o --- 0 A1
Qpn, 1 Ap 2 e Ap n—1, Apon 0 0 A
Aaq a1+ Aaj 2 e e a1 p—1 + Aay,
Aag a1 + Aag o e s Az p—1 + Aag,
Ap_11 Qp11+Np_12 ** Qpoin—2+ Adp_1p-1 Qpin—1+ Aap_14
)\an,l an 1 + /\an,2 e Apn—2 + Aan,n—l Apn—1 + Aan,n
Equating the coefficients completes the proof. O

We generalize Lemma 4.28 from a single Jordan block to any matrix
in Jordan Canonical Form. Let {J)}7, be Jordan blocks where .J
has dimension n; and eigenvalue \;. Let J = @, J2i. Define the
matrix 7;; to be a square matrix of dimensions equal to min(n;,n,)
such that T; ; is an upper Toeplitz matrix if A; = \; and a zero matrix
otherwise. Now define YN}J to be an n; X n; matrix obtained by setting
the entries of the top right min(n;,n;) x min(n,;,n;) square equal to
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the corresponding entries of T; ;

0. Finally, consider
7?1,1
|

Tm,l

We can now state our result:
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and setting all other entries equal to

7:\/\—/‘172 fl,m
T272 T2,m
Tm 2 j:m m

) )

Proposition 4.29. A square matriz commutes with J if and only if it

s in the same form as T'.

Proof. Let J be an n X n matrix.
(<) Suppose T is the matrix defined above. One can verify compu-

tationally that,

f1,1 @72 jjl,m ngl 0 0
TJ — To, Top Tom 0 Jﬁj

~. ~. N. 5 S
Tm,l Tm,2 Tm,m 0 0 Jé\’::

jjl,ljﬁ\ll 7?1,2%\22 Tl,mJﬁ\Z

| Teady Taadp Ty

Ton T2 Tonad)2 T I

and

2o 0\ (T Tos - Tim
A2 T: T . T m
IT — 0 Jp2 ?,1 ?,2 2
0 0 Jym Ty T Ton.m

INT, INT, TN

| Ty J32Tey I2Ty

JT)L\;: Nm,l J;L\:nn Tm,Q in\:nn fm,m

Note that, for any i and 7, 1 < i, j < m, we have that J;}YN}J and YN}]J{L\j
are both n; x n; matrices (note that this multiplication of matrices

depends only on the structure

of the matrix J, as it has matrix blocks

along the diagonal and zeros elsewhere, so we may later partition an
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arbitrary matrix and multiply that matrix with J in a similar manner).
Thus, we need only verify that Jé‘;ﬂd = Evjjy)[j.

There are two cases: if \; # A;, then T} ; = 0, so
INTyy =T Jp = 0.

If \; = A;, then we note that multiplying JQ’TH or ﬁj JQJ’ , the resulting
matrix will have zeros in all entries outside of the top right min(n;, n;) x
min(n;, n;) square, and the min(n;, n;) x min(n;,n;) square will have
entries equal to the corresponding entries of the matrices JQ;Ti,j and

E,jJ{L\jf . By the Lemma 4.28, these matrices are equal, so
N TN
JniT‘iaj - ir%]‘]n;

Since for each partition JQYN}] and YNQJJQJJ are equal, and they are
partitions of the same size in the same part of the matrices T'J and
JT, we have shown that T'J = JT.

(=) Now let T be any arbitrary n x n matrix and partition 7" as
above into 111, . .., Ty m. Then as we commented earlier, the structure
of J allows us to multiply the Jordan blocks of J with these partitions
of T', thus

AL A1 A1
Janu Jnﬂ:m e Jnﬂ:l,m
Jr2 Ts Jr2 Thoy - JA2 Ty
JT — TLQ‘ ) ng. ) . ng . ) and
Am T Am T Am T
Jn;n m,1 Jn:: Tm72 U Jn;nTm,m
T A T A ool Am
T/l,l‘]nll 21,2 Jn22 e Zl7m‘]n7n
A1 A2 L. Am
TJ o TQ,].Jnl T2,2 Jn2 T27m‘]n7n
T Moo A T Am
Tyt Topdp? - Tmdpym

Now, by previous comments, JT = T'J only when the corresponding
partitions are equal, that is, when J;L\;’_Z}J = ﬂ,jJ,i‘jf. Computing the
matrix product and equating the entries, we find that 7" has the desired
form. O

Note that each i] has an embedded upper Toeplitz matrix 7; ; with
a number of degrees of freedom equal to its dimension. Therefore, T'
has d degrees of freedom where

d= Y dim(T,).

T; ;70
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Also note that reordering the Jordan blocks in the matrix J does not
change the number of degrees of freedom. Given this fact, we can
reorder the Jordan blocks so that all blocks with nondistinct eigenvalues
are arranged together in increasing block size; this will allow us to
formulate an equation on the degrees of freedom of the space S(J, J).

Theorem 4.30. Let \y,..., \; be the distinct eigenvalues of a matrix
A. Let nii,mi2...,nk be the size of the Jordan blocks associated to
the eigenvalue \; such that n;; < mn;o < ... < n;y,. Then the number

of degrees of freedom of S(A,J), d, is given by

1= 373 a2k — (27— 1),

i=1 j=1

Proof. Let J be a Jordan Canonical Form of A such that the order of the
Jordan blocks along the diagonal is J) , JM JA g JA2

n1,17 TN1,27 " TN g T2, ") TNg gy
..,Jé‘fk , that is, Jordan blocks with nondistinct eigenvalues are ar-
ranged consecutlvely in ascending block size. It suffices to calculate
the degrees of freedom of S(J, J) since S(A, J) has the same degrees
of freedom. By Proposition 4.29, for S € S(A,J), we see that the
only nonzero partitions of S are in the same of the square partitions
corresponding to Jfl‘ll L Jé‘fk . Thus, we need only to consider the
“fitted” Upper Toeplitz matrlces in the positions of these partitions; it
suffices to consider an arbitrary eigenvalue and its associated Jordan
blocks, and then sum up the deg! rees of freedom contributed by all
eigenvalues.
Consider A;, 1 < ¢ < /. Since the size of the Jordan blocks are
arranged in ascending order, we see that the first Jordan block, with

size n; 1, by Proposition 4.29, results in the commuting matrix having

n;1(2k; — 1) degrees of freedom. In a similar manner, the jth Jordan
block has size n;; and results in n; ;j(2k; — (25 — 1)) more degrees of
freedom. Thus, \; contributes to the commuting matrix

Znu —(2-1))

degrees of freedom. Summing over all eigenvalues, we obtain that
P ki
d=>" nij(2k — (2§ — 1))
i=1 j=1

completing the proof. O
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Ultimately, we want the L = infgcgs(a,.5) k(5) to depend on n, or
some properties of A, such that we can improve our bounds on the
€ - pseudospectrum. Our results were an attempt to understand the
space S*(A, J) in terms of degrees of freedom, though we have not yet
completed our analysis. We do note, however, that our result has sig-
nificantly simplified the calculation of L for the Jordan form of J used
in Proposition 4.30: S € §*(A, J) is also a matrix with blocks along the
diagonal (corresponding to the Jordan blocks of J), and so by Lemma
4.12, we need only use Proposition 4.29 on each block of the matrix S
corresponding to each distinct eigenvalue Jordan blocks, compute their
norm, and find the maximum over each distinct eigenvalue partition.
Since we have found the degrees of freedom of each distinct eigenvalue
partition, this will increase the efficiency of computationally finding L.
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