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Chapter 1

Introduction

The Schrödinger equation plays a central role in quantum mechanics and mathemati-
cal physics in general. In this thesis we attempt to give an introduction to some of the
basic theory of random Schrödinger operators. In particular, we look at some major
results concerning the spectral theory of the one-dimensional Schrödinger operator
with a random potential. The random Schrödinger operator has been intensively
studied in the last few decades, in both its discrete and its continuous formulations.
Variations of this operator arise very naturally in physics and mathematics, in the
theory of electron conduction and in Hamiltonian mechanics. In the theory of electron
conduction, random Schrödinger operators model disordered solids. This exposition
focuses on the one-dimensional Anderson model, namely the model with random
operators on the Hilbert space l2(Z). The theory underlying the study of random
Schrod̈inger operators is fascinating in its own right, even abstracting from its appli-
cations to physics. What is so interesting about it is that it combines several areas of
mathematics and uses tools that have applications in applied probability, stochastic
processes and other fields.

This thesis introduces many of the tools that are needed to understand the theory
of random Schrödinger operators. We begin by introducing fundamental results in
ergodic theory, functional analysis, probability, and measure theory that we will need
to be able to understand the theory of random Schrödinger operators.

The focus of this thesis is to examine the spectrum of the random Schrödinger
operator and to show that, contrary to what we would expect, it is deterministic.
More precisely, we show that it is non-random with probability 1. This result was
proved by Pastur. A sketch of the proof can be found in [1], but a lot of the details
are omitted. The goal of this thesis is to provide the missing details in the proofs
of the theorems leading up to this important result by Pastur. What enables us
to prove that the spectrum is deterministic is the fact that the random Schrödinger
operator pertains to a class of operators called ergodic operators. The framework of
ergodic theory turns out to be particularly suitable for investigating the properties
of the random Schrödinger operator. We start by giving a careful proof of the Mean
Ergodic theorem, which is a very important result in ergodic theory.
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Chapter 2

Background from Ergodic Theory

2.1 Basic Notions from Ergodic Theory

The theory of dynamical systems studies the long-term behavior of states in a system
given a transformation which drives the system’s evolution. A dynamical system is a
transformation which maps a space into itself. Some dynamical systems are measure-
preserving in the sense that the measure of a set is always the same as the measure
of the set of points which map to it. More formally, a transformation is measure
preserving if P(T−1(A)) = P(A) for any measurable set A. A set is called invariant
if it is the same as its image. An ergodic dynamical system is one in which, with
respect to some probability distribution, all invariant sets have measure either 0 or 1.

Here are the formal definitions of the concepts from ergodic theory that we are
going to need. Throughout we assume that we are given a triple (Ω,F ,P) where Ω
is a probability space, F is a σ-algebra of sets, and P is a probability measure.

Definition 1. A measurable mapping T : Ω → Ω is a measure-preserving transfor-
mation if P(T−1(A) = P(A) for all A ∈ F .

Definition 2. Let {Ti}i∈Z be a family of measure-preserving transformations. A set
A is invariant under {Ti} if T−1

i (A) = A for all i ∈ Z.

Definition 3. A triple (Ω,F , Ti) of an event space, probability measure and a trans-
formation is called stationary if P(T−1

i A) = P(A) for any A ∈ F .

Definition 4. A family {Ti} of measure-preserving transformations is called ergodic
with respect to the probability measure P if any invariant set A ∈ F has probability 0
or 1.

Definition 5. A family {Xi}i∈Z of random variables is called a stochastic process
(with index set Z). This means that there is a probability space (Ω,F ,P) where F
is a σ-algebra on Ω and P is a probability measure on (Ω,F) such that the Xi are
real-valued, measurable functions on (Ω,F).

Definition 6. A stochastic process {Xi}i∈Z is called ergodic if there exists an ergodic
family of measure-preserving transformations {Ti}i∈Z such that Xi(Tjω) = Xi−j(ω).

2



CHAPTER 2. BACKGROUND FROM ERGODIC THEORY 3

In our case we are going to take Ti to be the shifting transformations. Thus, we
also need the following definition.

Definition 7. A set A is called shift invariant if T−1
i A = A for all i ∈ Z.

Definition 8. A stationary probability measure P is called ergodic if any shift-invariant
set A has probability 0 or 1.

In the next section we introduce the mean ergodic theorem due to Birkhoff, which
is one of the most important results in Ergodic Theory.

2.2 The Mean Ergodic Theorem

The mean ergodic theorem intuitively says the following. For any integrable function
of our space, if we randomly pick a point according to the ergodic distribution and
calculate the time average of the function along the point’s orbit, then as time goes
to infinity, the time average converges to the space average, which is equal to the
weighted average of the value of the function at all points in the space. More formally,
consider a point x in the state space, a function f that we are averaging, a map T
and a probability measure P. The space average is f̄ =

∫
f(x)dP(x). The time-

average starting from x is 〈f〉x = limn→∞
1
n

∑n
i=0 f(T i(x)). The ergodic theorem

states that if f is integrable and T is ergodic with respect to P, then 〈f〉x exists, and
P
(
{x : 〈f〉x = f̄}

)
= 1.

Here we state a common formulation of the mean ergodic theorem due to Birkhoff.

Theorem 2.2.1. Let (X,S, µ) be a probability measure space, and T : X → X be
a measure-preserving transformation. Let I = {g ∈ L2(X) : g ◦ T = g a.e.} be the
subspace of T-invariant functions and let P be the projection from L2(X) to I. Then
for any f ∈ L2, the sequence

1

n

n−1∑
i=0

f
(
T ix
)

(2.1)

converges to P (f) in L2(X) .

Proof. We prove the theorem for each of two orthogonal subspaces that span L2.
Then since any element in L2 can be written as a linear combination of elements
in the two subspaces, the theorem holds for the general case as well. When f ∈ I,
f ◦ T n = f a.e., so the statement of the theorem holds:

1

n

n−1∑
i=0

f ◦ T i =
1

n
nf = f = P (f) (2.2)

Here f = P (f) because f ∈ I, so the projection of f is also in I. Consider a subspace
B of functions,

B = {f : f = g ◦ T − g, g ∈ L2} (2.3)
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Then if f = g ◦ T − g,

n−1∑
i=0

f ◦ T i =
n−1∑
i=0

(g ◦ T − g) ◦ T i =
n−1∑
i=0

{g ◦ T i+1 − g ◦ T i} = g ◦ T n − g (2.4)

Thus, we can see that

1

n

n−1∑
i=0

f ◦ T i =
1

n
(g ◦ T n − g) (2.5)

converges to 0 as n→∞.
Thus, the ergodic theorem holds for f ∈ P (f). Now we are going to show that it also
holds for f ∈ B̄, where B̄ denotes the norm closure of B. Let fj be a sequence of
functions converging in norm to a function f ∈ L2. Then

|| 1
n

n−1∑
i=0

f ◦ T i||2 =|| 1
n

n−1∑
i=0

(f − fj + fj) ◦ T i||2

≤ || 1
n

n−1∑
i=0

(f − fj) ◦ T i||2 + || 1
n

n−1∑
i=0

fj ◦ T i||2

≤ 1

n

n−1∑
i=0

||(f − fj) ◦ T i||2 +
1

n

n−1∑
i=0

||fj ◦ T i||2

1

n

n−1∑
i=0

||(f − fj)||2 +
1

n

n−1∑
i=0

||fj ◦ T i||2

Therefore, for functions in the norm closure of B, 1
n

∑n−1
i=0 f ◦ T i → 0 as n → ∞.

Consider f ∈ I and h ∈ B. We can write h as h = g ◦ T − g for g ∈ L2. Then,

〈f, h〉 = 〈f, g ◦T − g〉 = 〈f, g ◦T 〉− 〈f, g〉 = 〈f ◦T, g ◦T 〉− 〈f, g〉 = 〈f, g〉− 〈f, g〉 = 0
(2.6)

where the last equality follows because T is measure-preserving. Therefore, f ∈ B⊥,
and so I ⊂ B⊥. Consider a sequence hk ∈ B converging to h in norm. Since
||hk − h|| → 0, and 〈f, hk〉 → 0, for all k > 0, it follows that

〈f, h〉 → 0. (2.7)

Therefore, we have shown that f is in the orthogonal complement of the norm closure
of B, so I ⊂ B̄⊥. Now we are going to show that B̄⊥ ⊂ I. Let f ∈ B̄⊥. Then
〈f, h〉 = 0 for any h ∈ B̄. Since B = {h : h = g ◦ T − g, g ∈ L2}, it follows that
〈f, g ◦ T − g〉 = 0 for any g ∈ L2. Therefore, 〈f, g〉 = 〈f, g ◦ T 〉, and

〈f, g〉 = 〈f, g ◦ T 〉 =

∫
fḡ ◦ Tdµ =

∫
f ◦ T−1ḡdµ = 〈f ◦ T−1, g〉. (2.8)

Thus, since 〈f, g〉 = 〈f ◦ T−1, g〉, it follows that 〈f − f ◦ T−1, g〉 = 0 for all g ∈ L2.
Therefore, f = f ◦ T−1 = f ◦ T , so f ∈ I. Thus, we have shown that B̄⊥ ∈ I, and we
have completed the proof that B̄⊥ = I.
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We have shown that the ergodic theorem holds for B̄ and I, 2 orthogonal subspaces
of L2. Since any element of L2 can be written as the sum of an element in B̄ and an
element in I, it follows that we have proved the ergodic theorem for L2.

In physics, the ergodic hypothesis says that over long periods of time, the time
spent by a particle in some region of the phase space of microstates with the same
energy is proportional to the volume of this region, i.e. all accessible microstates are
equally likely over a long period of time.

In ergodic theory, an ergodic measure is a measure that satisfies the ergodic hy-
pothesis for a given map of a measurable space into itself. Intuitively, an ergodic
measure is one with respect to which the points of the space are ”well mixed up” by
the map.

Definition 9. (Ergodic measure) Let (X,Ω) be a measurable space, let T : X → X
be a measurable function and let f : X → X be a measurable and integrable function.
A finite measure µ : Σ → [0,∞] is called an ergodic measure for the transformation
T and the function f if

lim
n→∞

1

n

n−1∑
k=0

f
(
T k(x)

)
=

1

µ(X)

∫
X

f(y)dµ(y) (2.9)

for µ-almost all points x ∈ X.

The left-hand side term can be interpreted as the long-term average of f , since
it is the average value of f over the first n iterates of x under T in the limit when
n→∞. The right-hand side term can be interpreted as the space average of f , since
it is the average value of f over the phase space X with respect to the measure µ.
Thus, for an ergodic measure, the space average of f equals the time average. The
measure µ(X) is finite and so it can be normalized so that µ(X) = 1. Thus, µ can
be interpreted as a probability measure.

An alternative version of the mean ergodic theorem more clearly express the fact
that under certain conditions the time average of a function is equal to the space
average. This version is the one most commonly used in statistical mechanics.

Theorem 2.2.2. (Birkhoff Ergodic Theorem) Let T be a measure-preserving trans-
formation on a measure space (Ω, µ). If µ is ergodic and µ(Ω) = 1, then for any
f ∈ L1(Ω, µ),

lim
N→∞

1

N

N−1∑
k=0

f
(
T kx

)
=

∫
Ω

f(y)dµ(y) (2.10)

for almost all x.

The mean ergodic theorem is a very important result in statistical mechanics. It
guarantees that starting from a random point in the state space, orbits will almost
certainly pass arbitrarily close to every point in the phase space. To see this more
clearly, consider the indicator function IA of a set A. The time-average of I is the
fraction of time that the orbit spends in the set A. The space average of I is the
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probability that a randomly chosen point is in A. Since the two trajectories are almost
always equal, almost all trajectories cover almost all of the state space.

Another way to think about the mean ergodic theorem is that it generalizes the
strong law of large numbers - a basic result about independent, identically distributed
random variables - to ergodic processes. Birkhoff’s theorem tells us intuitively that a
sufficiently large sample (i.e. an average over all time) is representative of the whole
population (i.e. the space average). We can restate the ergodic theorem in a form
that more clearly reveals the connection with the strong law of large numbers.

Theorem 2.2.3. If {Xi}i∈Z is an ergodic process and E(|X0|) <∞ then

lim
L→∞

1

(2L+ 1)

∑
i∈∧L

Xi → E(X0) (2.11)

for P-almost ω.

Here ΛL denotes the cube of side length 2L+ 1:

ΛL(n0) := {n ∈ Z; ‖n− n0‖∞ ≤ L} (2.12)

It contains ‖ΛL(n0)| := (2L + 1) points. The mean ergodic theorem expressed in
this form is very useful for proving claims related to the density of states, a very
important quantity in condensed matter physics. This concept will be explored in
the last chapter of this thesis.
Next we state the most commonly used condition for ergodicity. Below, we denote
by S(H) the space of self-adjoint operators.

Definition 10. Let (Ω,F ,P) be a probability space and let H : Ω → S(H) be
measurable. H : Ω → S(H) is called ergodic if there exists an ergodic family of
measure-preserving transformations (Ti)i∈I on (Ω,F ,P) and a family of unitary op-
erators (Ui)i∈I on H such that the following condition holds:

H
(
Ti(ω)) = U∗i H(ω)Ui. (2.13)

This condition turns out to be crucial in proving properties about the spectrum
of the random Schrödinger operator. It will enable us to prove that its spectrum is
deterministic.



Chapter 3

The Schödinger Operator

In quantum mechanics, a particle moving in one-dimensional space is described by
a vector ψ in the Hilbert space L2(R). The time evolution of the particle’s state is
modeled by the Schrödinger operator

H = H0 + V (3.1)

acting on L2(R). The operator H0 is called the free operator and represents the
kinetic energy of the particle. In the absence of magnetic fields, the free operator is
the Laplacian

H0 =
~2

2m
∆ = − ~2

2m

d∑
ν=1

∂2

∂x2
ν

(3.2)

In physics the need arises to add a potential V , in which case we get the following
operators: (

−∆ + V
)
f = −f ′′ + vf (3.3)

In two dimensions, we get

(
−∆ + V

)
f(x, y) = −∂

2f 2

∂x2
(x, y)− ∂2f 2

∂y2
(x, y) + V (x, y)f(x, y) (3.4)

The physical properties of the system are encoded in the potential V which is the
multiplication operator with the function V (x) in the Hilbert space L2(R). In this
exposition we study the one-dimensional Anderson model, which replaces the Hilbert
space L2(R) with the sequence space l2(Z). This is the discretized version of the
Schrödinger operator in 1 dimension acting on the sequence space l2(Z). We start by
looking at the discrete Laplacian, but first we are going to define the concept of the
spectrum of an operator.

3.1 The Spectrum

In functional analysis, the spectrum of an operator is a generalization of the concept
of eigenvalues in the case of matrices. Operators on infinite-dimensional spaces may

7
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have no eigenvalues. For example, on the Hilbert space l2 the unilateral shift operator,

(x1, x2, · · · )→ (0, x1, x2, · · · ) (3.5)

has no eigenvalues, but its spectrum is non-empty. In fact, any bounded linear op-
erator on a complex Banach space has a non-empty spectrum. We first define the
resolvent set of a bounded linear operator, which has some nice properties because it
is an open set.

Definition 11. The resolvent set of an operator T is ρ(T ) = C \ σ(T ) = {λ, T − λI
is invertible}.

The spectrum of an operator is the complement of the resolvent.

Definition 12. The spectrum of an operator T is σ(T ) = {λ, T−λI is not invertible}.

We are also going to need the definition of a unitary operator and unitary equiv-
alence.

Definition 13. In an inner product space H, the adjoint U∗ of an operator U is
defined by the requirement that 〈Uu, v〉 = 〈u, U∗v〉.

Definition 14. A unitary operator is a bounded linear operator U : H → H on a
Hilbert space H satisfying

U∗U = UU∗ = I (3.6)

where U∗ is the adjoint of U , and I : H → H is the identity operator. A unitary
operator preserves the inner product 〈〉 on the Hilbert space, i.e. for all vectors x and
y in the Hilbert space,

〈Ux, Uy〉 = 〈x, y〉. (3.7)

Definition 15. Two operators A and B are unitarily equivalent if there exists a
unitary operator U such that B = UAU∗.

Theorem 3.1.1. If T and S are unitarily equivalent, then σ(T ) = σ(S).

Proof. Since S and T are unitarily equivalent, there exists a unitary matrix U such
that S = UTU−1. Thus, we need to show that σ(T ) = σ(UTU−1). It suffices to show
that C \ σ(T ) = C \ σ(UTU−1).

λ ∈ C \ σ(T )⇐⇒ (T − λI) is invertible
⇐⇒ U(T − λI)U−1 is invertible
⇐⇒ UTU−1 − U(λI)U−1 is invertible
⇐⇒ UTU−1 − λI is invertble
⇐⇒ λ ∈ C \ σ(UTU−1)

This theorem shows that the spectrum of an operator is invariant under unitary
equivalence. The following theorem can be proved analogously.

Theorem 3.1.2. If S = T + c · I then σ(S) = σ(T ) + c.

Having discussed the concept of the spectrum of an operator, we are going to give
a detailed exposition of the formal construction of the random Schrödinger operator.
The details of this construction can be found in [1].
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3.2 The Discrete Laplace Operator

We start by introducing the discrete Laplacian. The discrete Laplace operator is
essentially a discrete analog of the continuous Laplace operator adapted to the case
when we have a discretized grid. The discrete Laplace operator has applications in
a variety of fields. For example, in numerical analysis it is used as an approximation
to the continuous Laplacian. The discrete Laplacian ∆ acting on u is defined by

Definition 16. (∆du)(i) =
∑

j:|j−i|=1[u(j)− u(i)]

where the sum is over the nearest neighbors of the ith element of the sequence u.
Note that we can rewrite ∆d as

∆du =
∑

j:|j−i|=1

{u(j)} − 2vu(i) (3.8)

It is easy to see why this relationship holds in the 1-dimensional case:

(∆du)(i) =
∑

j:|j−i|=1

{u(j)− u(i)} =

u(i+ 1)− u(i) + u(i− 1)− u(i)

= u(i− 1) + u(i+ 1)− 2u(i) =
∑

j:|j−i|=1

{u(j)} − 2u(i)

We can think of ∆d as a discrete analog of the Laplacian ∂2f
∂x2 because

∆du(i) = u(i+ 1) + u(i− 1)− 2u(i)

=
u(i+ 1)− u(i)

(i+ 1)− i
− u(i)− u(i− 1)

i− (i− 1)

=
u′(i+ 1)− u′(i)

(i+ 1)− i
= u′′(i+ 1)

It is interesting to note that ∆d satisfies an identity similar to the identity

< f(x),−∂2f(x)
∂x2 >= ||∂f

∂x
||2

2
for the continuous case.

Proposition 3.2.1. 2 < u,−∆du >=
∑

j:|i−j|=1 |u(i)− u(j)|2

Proof. The left hand side equals

2 < u,−∆du >=

= 2
∑

ūi(−ui−1 − ui+1 + 2ui) =

= −2
∑

ūiui−1 − 2
∑

ūiui+1 + 4
∑
|ui|2 =

= −2
∑

ūi+1ui − 2
∑

ūiui+1 + 4
∑
|ui|2



CHAPTER 3. THE SCHÖDINGER OPERATOR 10

The right hand side equals∑
j:|i−j|=1

|ui − uj|2

=
∑
|ui − ui−1|2 +

∑
|ui − ui+1|2

=
∑

(ūi − ūi−1)(ui − ui−1) +
∑

(ūi − ūi+1)(ui − ui+1)

=
∑
|ui|2 +

∑
|ui−1|2 −

∑
ūi−1ui −

∑
ūiui−1 +

∑
|ui|2 +

∑
|ui+1|2−

−
∑

ūi+1ui −
∑

ūiui+1 =

=
∑
|ui|2 +

∑
|ui|2 −

∑
ūiui+1 −

∑
ūi+1ui +

∑
|ui|2 +

∑
|ui|2−

−
∑

ūi+1ui −
∑

ūiui+1

= 4
∑
|ui|2 − 2

∑
ūiui+1 − 2

∑
ūi+1ui

Thus, we see that the left-hand side and the right-hand side are equal. This completes
the proof.

It is useful to consider the representation of the Laplacian as an infinite matrix.
Notice that

. . .

· · · −2 1 0 0 0 · · ·
· · · 1 −2 1 0 0 · · ·
· · · 0 1 −2 1 0 · · ·
· · · 0 0 1 −2 1 · · ·
· · · 0 0 0 1 −2 · · ·
...

...
...

...
...

...
...





...
u−2

u−1

u0

u1

u2
...


=



...
u−3 + u−1 − 2u−2

u−2 + u0 − 2u−1

u−1 + u1 − 2u0

u0 + u2 − 2u1

u1 + u3 − 2u2
...


Therefore, we can see that ∆d(i) is a tridiagonal matrix with −2’s on the diagonal
and 1’s on the two diagonals to the left and to the right of the main diagonal.

The spectrum of the discrete Laplacian can be found relatively easily. We can show
that σ(∆d) = [−4v, 0] by Fourier transformation. The Discrete Fourier transform is
defined by F({un})(t) =

∑∞
n=−∞ une

−int.
In order to find the spectrum, we are first going to look at how the Discrete

Laplacian acts on the level of functions.

F{∆du} = F({un−1 + un+1 − 2un})

=
∞∑

n=−∞

(un−1 + un+1 − 2un)e−int

=
∞∑

n=−∞

un−1e
−int +

∞∑
n=−∞

un+1e
−int − 2

∞∑
n=−∞

une
−int

=
∞∑

n=−∞

une
−i(n+1)t +

∞∑
n=−∞

une
−i(n−1)t − 2

∞∑
n=−∞

une
−int
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= e−it
∞∑

n=−∞

une
−int + eit

∞∑
n=−∞

une
−int − 2

∞∑
n=−∞

une
−int

= e−itF{un}+ eitF{un} − 2F{un}
= F{un}[e−it + eit − 2]

= (2 cos t− 2)F{un}

Thus, we can see that f(t) = 2 cos t− 2 sends F{u} to F{∆du}
Therefore, the spectrum of f(t) is σ(δd) = [−4; 0], since that is the range of f(t). This
is consistent with the result that σ(∆d) = [−4v; 0] in the case when the dimension is
v = 1.

Now we proceed to formally define the Schrödinger operator. The details of this
construction are taken from [1]. Now we proceed to the formal construction of
the Schrödinger operator. First we define the operator (−1)N by [(−1)Nu](n) =
(−1)|n|+u(n) Consider how this operator acts on a sequence u(n):

( (
− 1
)n )



...
u−2

u−1

u0

u1

u2
...


=



...
u−2

−u−1

u0

−u1

u2
...


.

Notice that



. . .

1 0 0 0 0
0 −1 0 0 0
0 0 1 0 0
0 0 0 −1 0
0 0 0 0 1

. . .





...
u−2

u−1

u0

u1

u2
...


=



...
u−2

−u−1

u0

−u1

u2
...


.

Therefore, we get the following matrix representation of [(−1)n]:

[(−1)n] =



. . .

1
−1

1
−1

1
. . .


It is easy to show that [(−1)n] is unitary. We also observe that [(−1)n]−1 = (−1)n.
Now we proceed by adding a potential to the Laplacian. Define H̄ = −∆d +V where
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V =



. . .

v−2

v−1

v0

v1

v2

. . .


H̄ can be regarded as the discrete version of the Schrödinger operator. Here the
Hilbert space is the sequence space l2(Zd) instead of L2(Rd). We call this setting the
discrete case in contrast to Schrödinger operators on L2(Rd) which we refer to as the
continuous case.

Remark 3.2.1. H̄ is unitarily equivalent to 4 + ∆d + V .

Proof.

(−1)NH̄[(−1)N ]−1 = (−1)NH̄(−1)N

=



. . .

1
−1

1
−1

1
. . .



×



. . .

−1 v−2 + 2 −1
−1 v−1 + 2 −1

−1 v0 + 2 −1
−1 v1 + 2 −1

−1 v2 + 2 −1
. . .




. . .

1
−1

1
−1

1
. . .


=
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=



. . .

1 v−2 + 2 1
1 v−1 + 2 1

1 v0 + 2 1
1 v1 + 2 1

1 v2 + 2 1
. . .


Therefore, H̄ is unitarily equivalent to 4 + ∆d + V

Consider the operators

(H0u)(n) =
∑

j:|j−n|+=1

u(j)

and

(Hu)(n) = (H0u)(n) + V (n)u(n) (3.9)

Note that H0(n) =
∑

j:|j−n|+=1 u(j) = u(n+1)+u(n−1), so H0(n) can be represented

by the matrix



. . .

1 0 1
1 0 1

1 0 1
1 0 1

1 0 1
. . .


Subsuming the diagonal terms of ∆d into the potential V , we can see that H̄ is
unitarily equivalent to H up to a constant. Since theorem 3.1.1 guarantees that
unitary equivalence preserves the spectral properties of the operators, we can use H̄
instead of H to represent the Schrödinger operator.

3.3 Randomizing the Potential

So far we have completed the construction of the Schrödinger operator. In this thesis,
we are interested in random Schrödinger operators, i.e. operators where the potential
is random. In quantum mechanics, these operators model disordered solids. Most
solids do not constitute ideal crystals. The positions of the atoms may deviate from
the ideal lattice positions in a non-regular way due to imperfections in the crystalliza-
tion process. Or the positions of the atoms may be completely disordered as is the
case in amorphous or glassy materials. The solid may also be a mixture of various
materials which is the case for example for alloys or doped semiconductors. In all
these cases it seems reasonable to think of the potential as a random quantity. This
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description of the motivation for considering random Schrödinger operators is based
on [7].

With this in mind, we can model the potential as a sequence of independent,
identically distributed random variables {Vn(ω)}n on a probability space Ω. For any
n ∈ Z, the potential V (n) evaluated at n is a random variable, i.e. a measurable
function on a probability space (Ω,F ,P). To make this concept precise, next we are
going to discuss some fundamental concepts from the theory of probability.

Let (Ω,F ,P) be a probability space. A probability or probability measure is a
measure whose total mass is one. Because the origins of probability lie in statistics
rather than analysis, some of the terminology is different. For example, instead of
denoting a measure space by (X,A, µ), in probability the notation is (Ω,F ,P). Here
Ω is a set, F is called a σ-field (i.e. σ-algebra), and P is a measure with P(Ω) = 1.
Elements of F are called events, and elements of Ω are denoted ω. Events such as
(ω : X(ω) > a) are abbreviated by (X > a). Similarly, for a set A ⊂ R, (ω : X(ω) ∈ A
is abbreviated by (X ∈ A) Real-valued measurable functions from Ω to R are called
random variables and are usually denoted by X or Y or other capital letters. Inte-
gration (in the sense of Lebesgue) is called expectation or expected value, and we
write

∫
XdP. The random variable 1A is the function that is one if ω ∈ A and zero

otherwise. It is called the indicator function of A. This is the analog of the term
characteristic function used in analysis.

For the convenience of the reader, here we give the rigorous definitions of the
concepts we just discussed. These definitions can be found for example in [10].

Definition 17. An (F)-measurable function is a map f : Ω → R from (Ω,F) to
(R,B(R)) such that f−1(A) ≡ {ω ∈ Ω : f(ω) ∈ A} ∈ F for every A ∈ B(R).

Definition 18. A random variable is a real-valued measurable function f : Ω → R
on a probability space (Ω,F ,P).

Definition 19. If X is a random variable, we can define a probability measure FX
on R called the distribution of X:

FX(A) = P
(
{ω
∣∣X(ω) ∈ A}

)
(3.10)

for any Borel set A.

Alternatively, we can define a probability on R by

PX(A) = P(X ∈ A), A ⊂ R (3.11)

where the probability PX is called the law of X or the distribution of X. We define
FX : R→ [0, 1] by

FX(x) = PX((−∞, x]) = P(X ≤ x) (3.12)

The function FX is called the distribution function of X.
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Theorem 3.3.1. The distribution function FX of a random variable X satisfies:
a) FX is non-decreasing;
b) FX is right continuous with left limits;
c) limx→∞ FX(x) = 1 and limx→−∞ FX(x) = 0.

If a sequence of random variables {Xi}i∈I have the same distributions, we say that
they are identically distributed. More formally,

Definition 20. The random variables X and Y are identically distributed if for every
set A ∈ S, P(X ∈ A) = P(Y ∈ A). Equivalently, X and Y are identically distributed
if FX(x) = FY (x) for every x where FX denotes the cumulative distribution function
of X.

Now we formally define the notion of independence for events, σ-algebras, and
random variables.

Definition 21. A sequence of events A1, · · · , An are independent if

P
(
Ai1 ∩ Ai2 ∩ · · ·Aij

)
= P

(
Ai1
)
P
(
Ai2
)
· · ·P

(
Aij
)

(3.13)

for every subset {i1, · · · , ij} of {1, 2, · · · , n}.

Definition 22. A countable set {Gn}n∈I of σ-algebras Gn ⊂ F are independent if
any finite set of events A1, · · · , An from distinct Gk are independent.

Definition 23. A countable set {Xn}n∈I of random variables are independent if the
σ-algebras σ(Xn) generated by these random variables are independent. Alternatively,
a sequence of random variables {Xi}i∈I is called independent if for any finite subset
{i1, · · · , in} of I,

P
(
{ω
∣∣Xi1(ω) ∈ [a1, b1], Xi2(ω) ∈ [a2, b2], · · · , Xin(ω) ∈ [an, bn]

})
=

P
({
ω
∣∣Xi1(ω) ∈ [a1, b1]

})
· . . . · P

({
ω
∣∣Xin(ω) ∈ [an, bn]

})
.

It is important to remark that if Xi are independent and identically distributed
(i.i.d.) with common distribution FX , then

P
(
{ω
∣∣Xi1(ω) ∈ [a1, b1], Xi2(ω) ∈ [a2, b2], · · · , Xin(ω) ∈ [an, bn]

})
=

F
(
[a1, b1]

)
· F
(
[a2, b2]

)
· . . . · F

(
[an, bn]

)
.

Here we are going to include another definition from probability that we are going to
need in the next chapter.

Definition 24. (Product space) Given two measurable spaces (Ω1,F1) and (Ω2,F2),
we define the product space Ω1 × Ω2 = {(ω1, ω2) : ω1 ∈ Ω1, ω2 ∈ Ω2}. The product
σ-algebra on Ω1 ×Ω2 is defined as F1 ×F2 = σ{ρ1, ρ2}, where ρ1 : Ω1 ×Ω2 → Ωi are
the projection maps ρ1 : (ω1, ω2)→ ω1 and ρ2 : (ω1, ω2)→ ω2.
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Definition 25. (Product measure) Let (Ω1,F1,P1) and (Ω2,F2,P2) be two probability
spaces , and denote by ρ1 : Ω1×Ω2 → Ω1 and ρ2 : Ω1×Ω2 → Ω2 the projection maps.
There exists a unique probability measure P1 × P2 on F1 × F2 called the product
measure, under which the distribution of ρ1 is P1, the distribution of ρ2 is P2, and ρ1

and ρ2 are independent Ω1− and Ω2− valued random variables, respectively.

Another difference in terminology between analysis and probability is the set-
theoretic notion of ‘almost everywhere.’ In probability, instead of saying that a prop-
erty occurs almost everywhere, we talk about properties occurring almost surely,
written a.s.

With these definitions in mind, we add a subscript ω to the potential V to make
it clear that Vω depends on (unknown) random parameters.

The special way in which Ω is constructed is irrelevant. Without loss of generality,
we may use the probability space defined by

Ω = SZ (3.14)

where S is a (Borel-) subset of R. The corresponding σ-algebra F is generated by
cylinder sets of the form

{ω|ωi1 ∈ A1, · · · , ωin ∈ An} (3.15)

where A1, · · · , An are Borel subsets of R. On Ω the random variables Xi can be
realized by Xi(ω) = ωi.

Even without randomization, the potential is already a quite complicated func-
tion. At first glance it is not clear why we need to randomize it. The reason is that
with the introduction of random variables we change our point of view. Now we are
no longer interested in properties of the Schrödinger operator for a single given ω,
but instead we are interested in its properties for ’almost all’ ω, or, in other words,
for ’typical’ ω. In mathematical terms, we are interested in results of the form: the
set of all ω such that Hω has the property P as probability 1. In short, P holds
for P-almost all ω (or P-almost surely). Here P is the probability measure on the
underlying probability space. There are a number of such properties that hold for
random Schrödinger operators. In this thesis, we are going to focus on giving the
details of the proof of the property that the spectrum of the random Schrödinger
operator is deterministic with probability 1. In other words, we are going to show
that there is a closed, nonrandom subset Σ of the real line such that Σ = σ(Hω), the
spectrum of the operator Hω, P-a.s. The proof of this property is due to Pastur and
is well understood among experts in the field of mathematical physics and random
Schrödinger operators in particular. An outline of the proof is given in [1], but a
lot of details are omitted. The result that the spectrum of the random Schrödinger
operator is deterministic is truly unexpected in light of the fact that the potential
of Hω is non-random. Therefore, the main goal of this thesis is to provide the full
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details of this important proof so that it is accessible to the non-specialist.

Recall the way we defined the operator H in (3.9). Now that we have modeled the
potential as a sequence of i.i.d. random variables, we add it to the (negative) Lapla-
cian to get the random Schrödinger operator. We denote the Schrödinger operator
with randomized potential by HVω . It can be represented as a matrix in the following
way: 

. . .

1 v−2(ω) 1
1 v−1(ω) 1

1 v0(ω) 1
1 v1(ω) 1

1 v1(ω) 1
. . .


(3.16)

where v0(ω) is at position (0,0).
Now that we have completed the construction of the random Schödinger operator,

we are going to devote the next chapter to introducing some background from ergodic
theory, and then using ideas from this field to gain insight into the spectrum of the
random Schrödiger operator.



Chapter 4

Connecting Spectral Theory with
Ergodicity

In this section we are going to show that the random Schrödinger operator is ergodic.
Recall that a family of measure-preserving transformations is called ergodic if any
invariant set has probability 0 or 1. Now we define what it means for an operator to
be ergodic.

4.1 Ergodicity of the Random Schrödinger Oper-

ator

Definition 26. An operator Aω is called ergodic if it satisfies the identity

ATiω = UiAωU
∗
i (4.1)

where {Ti} are ergodic transformations, Ui is a unitary operator, and U∗i is its adjoint.

It turns out that the random Schrödinger operator is ergodic with respect to the
shift operators {Ti}i∈Z which are defined as

Tiw(j) = w(j − i) (4.2)

where ω ∈ Ω.

Recall that we defined the potential Vω so that for any n ∈ Z, the potential
V (n) evaluated at n is a random variable, and the set {Vn(ω)}n is a sequence of
i.i.d. random variables. In general, any sequence of i.i.d. random variables is an
ergodic stochastic process. In our case, we know that the sequence of i.i.d. random
variables Xn(ω) = Vω(n) is an ergodic process. Recall the definition of product
measure introduced in the previous chapter. Because of the independence of the
random variables, the probability measure P on our probability space Ω = SZ is the
infinite product measure of the probability measure P0(A) = P(Vω(0) ∈ A), where
P0 is the distribution of Vω(0). Since any set must have probability strictly between

18
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0 and 1, when we take the infinite product of the probabilities, in the limit we get
either 0 or 1. This is why the process {Vω(n)} is ergodic.

Since the random potential {Vω(n)}n∈Z is an ergodic process, by definition there
exists a family of ergodic measure-preserving transformations {Ti} on Ω such that
Vω(n) satisfies

VTiω(n) = Vω(n− i) (4.3)

and any measurable subset of Ω which is invariant under the {Ti} has probability 0
or 1.

Because of the way that we constructed our probability space as a product of
infinitely many copies of S where S is a Borel subset of R, we can infer that the
equation

VTiω(n) = Vω(n− i) (4.4)

holds if we take the {Ti} to be the shift operators that we defined above. Because of
ergodicity, it also follows that any measurable subset of Ω which is invariant under
the {Ti} has trivial probability (i.e. has probability 0 or 1).

Now we are going to define the unitary operators Ui and U∗i with respect to which
Hω is ergodic as in definition (26) above.

Define the translation operator {Ui}i∈Z on l2(Z) in the following way:

Definition 27. (Uiu)(n) = u(n− i)

We can represent this operator as a matrix which is essentially the identity matrix
with its diagonal shifted down by i positions. Thus, for example, for i = 2 we can
write Ui as 

. . .

0 0 0
1 0 0 0

1 0 0 0
1 0 0 0

1 0 0 0

1
. . .


(4.5)

Clearly, applying Ui to a vector u shifts the vector down by i positions.
Then the adjoint of Ui, U

∗
i , can be derived from the definition of the adjoint of an

operator which we presented earlier. We find that

Theorem 4.1.1. The adjoint of Ui is defined by (U∗i v) (n) = v(n+ i).

Proof. It suffices to verify that 〈u(n− i), v〉 = 〈u, v(n+ i)〉 which is a simple compu-
tation.
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Applying U∗i to a vector v shifts it up by i positions. We can also think of U∗i
as the identity matrix with its diagonal shifted up by 2 positions. For example, for
i = 2 we can write U∗i as 

. . .

0 0 1
0 0 0 1

0 0 0 1
0 0 0 1

0 0 0 0

0
. . .


(4.6)

Recall that we defined Tiw(j) = w(j − i). Now we are going to show that

HTiω = UiHωU
∗
i (4.7)

holds if we take Tiω, Ui, and U∗i are as defined above. Rather than giving the proof
in its full generality, we are going to consider what happens in the case when i = 2.
Checking that the identity holds for any i is analogous.
Ti is a matrix that for i = 2 looks like this:

. . .

0 0 0
1 0 0 0

1 0 0 0
1 0 0 0

1 0 0 0

1
. . .


(4.8)

and T2w can be represented as 

...
ω(−4)
ω(−3)
ω(−2)
ω(−1)
ω(0)

...


(4.9)

where ω(−2) is at position (0,0).
Consider HTiω. For i = 2, we can represent it as a matrix as follows:

. . .

1 v−4(ω) 1
1 v−3(ω) 1

1 v−2(ω) 1
1 v−1(ω) 1

1 v0(ω) 1
. . .


(4.10)
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where v−2(ω) is at position (0,0).

In order to show that HTiω = UiHωU
∗
i holds, it is sufficient to show that HTiω and

UiHωU
∗
i act in the same way on each of the basis vectors of Rn. For instance, consider

the vector e0 with 1 in position 0 and 0’s everywhere else, and let us consider the
case when we are applying first U∗2 , then Hω, and then U2. Applying U∗2 on e0 yields
e−2, i.e. the basis vector with 1 in position j = −2 and 0’s everywhere else, since U∗2
causes an upward shift of the vector by 2 positions. Next, calculating HωU

∗
2 e0 yields

a vector with 1 in position j = −3 and j = −1, and v−2(ω) in position j = −2.
Note: recall the way Hω acts on a vector ui:

Hω



...
u−2

u−1

u0

u1

u2
...


=



...
u−2v−2(ω) + u−3 + u−1

u−1v−1(ω) + u−2 + u0

u0v0(ω) + u−1 + u1

u1v1(ω) + u0 + u2

u2v2(ω) + u1 + u3
...


(4.11)

Finally, computing U2 ·Hω ·U∗2 e0 just shifts Hω ·U∗2 · e0 down by 2 positions, resulting
in a vector with v−2(ω) in position j = 0 and 1′s in positions j = −1 and j = 1. We
can summarize applying U2HωU

∗
2 e0 as follows:

...
0
0
0
0
1
0
0
0
0
...



→



...
0
0
1
0
0
0
0
0
0
...



→



...
1

v−2(ω)
1
0
0
0
0
...


→



...
0
0
1

v−2(ω)
1
0
0
...


(4.12)
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Now consider applying HT2ωe0.



. . .

1 v−4(ω) 1
1 v−3(ω) 1

1 v−2(ω) 1
1 v−1(ω) 1

1 v0(ω) 1
. . .





...
0
0
0
0
1
0
0
0
0
...



=



...
0
0
0
1

v−2(ω)
1
0
0
0
...


(4.13)

Thus, we have shown that
HT2ωe0 = U2HωU

∗
2 e0 (4.14)

The same approach can be used to show that the more general result

HTiωej = UiHωU
∗
i ej (4.15)

holds for any index i and any basis vector ej.
Thus we have shown that the random Schrödinger operator satisfies the condition

HTiω = UiHωU
∗
i (4.16)

where {Ti} are the shift operators and Ui are the translation operators defined earlier.
Therefore, the random Schrödinger operator is ergodic.

4.2 Connections with Ergodic Theory

As a next step towards proving that the spectrum of the random Schrödinger operator
is deterministic, we are going to need the following theorem.

Theorem 4.2.1. Consider an ergodic family of measure-preserving transformations
{Ti}. Let f : Ω→ R be a random variable which is invariant under {Ti}. Then f is
constant P -a.s.

Proof. It suffices to show that P({w|f(w) = M0}) = 1 for some constant M0. Define
ΩM = {w|f(w) ≤M} = f−1{(−∞,M ]}.f is invariant under {Ti}, so f(Tiw) = f(w),
i.e. f ◦Ti = f . We are going to show that ΩM is invariant under Ti. Take x ∈ T−1

i ΩM .
Therefore, Tix ∈ ΩM . Thus, by definition, f(Tix) ≤ M , or f ◦ Ti(x) ≤ M . We know
that f ◦ Ti = f since f is invariant under Ti. Therefore, f(x) ≤M so x ∈ ΩM . Thus,
we have shown that if x ∈ T−1

i ΩM then x ∈ ΩM , i.e. T−1
i ΩM ⊂ ΩM . Now consider

y ∈ ΩM . Then f(y) ≤ M by definition of ΩM . Since f ◦ Ti = f , it follows that
f ◦ Ti(y) ≤ M , which means that Tiy ∈ ΩM . Therefore, y ∈ T−1

i ΩM . Thus, we have
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shown that if y ∈ ΩM then y ∈ T−1
i ΩM , which means that ΩM ⊂ T−1

i ΩM . We have
shown double inclusion, so it follows that T−1

i ΩM = ΩM , i.e. that ΩM is invariant
under Ti.
Since {Ti} are ergodic and ΩM is invariant, P (ΩM) = 1 or P (ΩM) = 0.
Consider M1 < M2. Then {w|f(w) ≤ M1} ⊂ {w|f(w) ≤ M2}, which means that
ΩM1 ⊂ ΩM2 .
Also notice that

Lemma 4.2.2.
⋃
M∈R ΩM =

⋃
M∈Z ΩM .

Proof. We prove this by double inclusion. Clearly
⋃
M∈Z ΩM ⊂

⋃
M∈R ΩM because

Z ⊂ R. Now we show that
⋃
M∈R ΩM ⊂

⋃
M∈Z ΩM . Let x ∈

⋃
M∈R ΩM . Therefore,

x ∈ ΩM ′ for some M ′ ∈ R. But there exists an integer M ′′ that is greater than M ′,
so ΩM ′′ ∈

⋃
M∈Z ΩM . However, ΩM ′ ⊂ ΩM ′′ , so ΩM ′ ∈

⋃
M∈Z ΩM . Since x ∈ ΩM ′ , x ∈⋃

M∈Z ΩM . Thus, it follows that
⋃
M∈R ΩM =

⋃
M∈Z ΩM .

Similarly, it can be shown that
⋂
M∈R

ΩM =
⋂
M∈Z

ΩM .

Clearly, P(
⋂
M∈R ΩM) = 0. Suppose that P(

⋂
M∈R ΩM) = α 6= 0. Since ΩM ⊃⋂

M∈R ΩM for any M , P(ΩM) > P(
⋂
M∈R ΩM), i.e. P(ΩM) > α > 0 for any M . But

we have shown earlier that P(ΩM) is either 0 or 1, which implies that P(ΩM) = 1
for any M . However, this contradicts the fact that f(w) is finite. Suppose that
P(ΩM) = 1. Then P({w|f(w) ≤M}) = 1 for all M , which implies that f(w) ≤M for
all M . This in turn implies that f(w) = −∞ a.s. Thus, we have found a contradiction
and shown that P(

⋂
M∈R ΩM) = 0.

Define
M0 = inf

P(ΩM )=1
M. (4.17)

Lemma 4.2.3. M0 is finite.

Proof. Suppose that M0 is infinite. Then either M0 = ∞ or M0 = −∞. Suppose
that M0 =∞. Then P(ΩM) 6= 1 for all M . Since P(ΩM) is either 0 or 1, this implies
that P(ΩM) = 0 for all M . Thus, {ω|f(ω) ≤ M)} has measure 0 for any M , which
implies that f =∞ a.s. - a contradiction. Therefore, M0 6=∞.
Now suppose that M0 = −∞. Then P(ΩM) = 1 for all M , and the proof continues
the same way as the proof that P(

⋂
M∈R ΩM) = 0. Thus, we have established that

M0 is finite.

Notice that
ΩM0 =

⋂
n∈N

ΩM0+( 1
n

) (4.18)

Define
Ω̃M0 = {ω|f(ω) < M0}. (4.19)
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Notice also that
Ω̃M0 =

⋃
n∈N

ΩM0− 1
n
. (4.20)

Clearly, P(ΩM0+ 1
n
) = 1 for each n ∈ N because M0 + 1

n
> M0 and M0 = infP(ΩM )=1 M .

Moreover, P(ΩM0 − 1
n
) = 0 because P(ΩM0 − 1

n
) 6= 1 and each set ΩM has probability

0 or 1. Therefore,

P(ΩM0) = P(
⋂
n∈N

ΩM0+ 1
n
) = 1 (4.21)

and
P(Ω̃M0) = P(

⋃
n∈N

ΩM0− 1
n
) = 0. (4.22)

Because ΩM0 = {ω|f(ω) ≤ M0} and Ω̃M0 = {ω|f(ω) < M0}, we see that {ω|f(ω) =
M0} = ΩM0\Ω̃M0 . Thus,

P({ω|f(ω) = M0}) = P(ΩM0\Ω̃M0) = P(ΩM0)− P(Ω̃M0) = 1− 0 = 1 (4.23)

since ΩM0 ⊃ Ω̃M0 . Thus, we have shown that f is constant P-a.s.

In order to prove that the spectrum of the random Schrödinger operator is deter-
ministic, we are going to need another result concerning the dimension of the range
of orthogonal projections Pω satisfying the condition for ergodicity. The next chapter
introduces some more tools from functional analysis that we need in order to prove
the desired lemma.



Chapter 5

More Results from Functional
Analysis

Before we prove our next lemma, we are going to introduce some definitions and
theorems about projections.

5.1 More Definitions

First we define what it means for an operator to be a projection.

Definition 28. If P is a bounded linear operator on a Hilbert space H and P 2 = P ,
then P is called a projection. If also P = P ∗, then P is called an orthogonal projection.

The projection is a positive operator as defined below.

Definition 29. An operator B in a Hilbert space H is called positive if

〈Bx, x〉 ≥ 0 (5.1)

for all x ∈ H. Any positive operator is self-adjoint.

Lemma 5.1.1. (Square root lemma) Let A be a positive operator. Then there is

a unique positive operator B such that B2 = A. We can also write B = A
1
2 . B

commutes with every bounded operator which commutes with A.

We are also going to need Parseval’s identity, which is a very commonly used tool
in functional analysis.

Theorem 5.1.2. (Parseval’s identity) Let H be a Hilbert space and {φn} be an or-
thonormal basis. Then for each y ∈ H,

y =
∑
n

|〈φn, y〉|φn (5.2)

and
‖y‖2 =

∑
n

|〈φn, y〉|2 (5.3)

25
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Another important concept is the trace of an operator.

Definition 30. Let H be a Hilbert space, and let {φn}∞n=1 be an orthonormal basis.
Then for any positive operator A we define the trace of A:

trA =
∞∑
n=1

〈φn, Aφn〉. (5.4)

The trace is a linear map A → trA in the sense that tr(A + B) = tr(A) + tr(B)
and tr(cA) = c · tr(A) where c is a constant. It has some nice properties such as
commutativity: if A and B are two positive operators, then tr(AB) = tr(BA). We
are going to need this property later in proving a claim about the density of states.

A fundamental result regarding the trace of an operator is that it does not depend
on the choice of orthonormal basis. The proof of this result is standard and can be
found for example in [4]. It is included below because it illustrates several impor-
tant techniques that are commonly employed in manipulations of expressions we will
encounter later.

Lemma 5.1.3. The trace of an operator A does not depend on the choice of orthonor-
mal basis.

Proof. Let {φn}∞n=1 be an orthonormal basis. We can define trφ(A) =
∑∞

n=1〈φn, Aφn〉.
Let {ψm}∞m=1 be another orthonormal basis. Then, since A is positive, we can write

∞∑
n=1

〈φn, Aφn〉 =
∞∑
n=1

〈φn, B2φn〉

using the property of the adjoint

=
∞∑
n=1

〈B∗φn, Bφn〉

since B is a positive operator and is therefore self-adjoint

=
∞∑
n=1

〈Bφn, Bφn〉

=
∞∑
n=1

‖Bφn‖2

using Parseval’s identity

=
∞∑
n=1

( ∞∑
m=1

|〈ψm, Bφn〉|2
)



CHAPTER 5. MORE RESULTS FROM FUNCTIONAL ANALYSIS 27

interchanging the order of the summations since all terms are positive

=
∞∑
m=1

∞∑
n=1

|〈ψm, Bφn〉|2

again using the property of the adjoint and the fact that B is self-adjoint

=
∞∑
m=1

∞∑
n=1

|〈Bψm, φn〉|2

again using Parseval’s identity

=
∞∑
m=1

‖Bψm‖2

=
∞∑
m=1

〈Bψm, Bψm〉

again using the property of the adjoint

=
∞∑
m=1

〈ψm, B∗Bψm〉

using the fact that B∗ = B since B is self-adjoint

=
∞∑
m=1

〈ψm, B2ψm〉

=
∞∑
m=1

〈ψm, Aψm〉

Another important result is the fact that if two operators are unitarily equivalent,
they have the same trace.

Lemma 5.1.4. If A is a positive operator and U is a unitary operator,

tr(UAU−1) = tr(A) (5.5)

Proof. Note that if {φn} is an orthonormal basis then so is {Uφn}. Since the trace is
independent of the choice of basis,

tr(UAU−1) = tr(Uφ)(UAU
−1)

=
∑
〈Uφ, UAU−1Uφ〉

=
∑
〈Uφ,UAφ〉

=
∑
〈U∗Uφ,Aφ〉 (using the adjoint property)

=
∑
〈φ,Aφ〉 (since U is unitary)

= tr(φ)(A) = tr(A)
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Lemma 5.1.5. (Projection theorem) Let H be a Hilbert space, M a closed subspace.
Then every x ∈ H can be uniquely written x = z + w where z ∈M and w ∈M⊥.

Note that if x is decomposed as in the above definition, then Px = z, Pz = z, and
Pw = 0.

Now we have all the tools we need in order to prove the next theorem, which will
bring us one step closer to characterizing the spectrum of the random Schrödinger
operator.

Lemma 5.1.6. Suppose that {Pω}ω∈Ω is a weakly measurable family of orthogonal
projections satisfying

PTiω = UiPωU
∗
i (5.6)

where Ui is a unitary operator. Then dim Ran(Pω) is either zero or infinite P-a.s.

Proof. We fix ω and choose an orthonormal basis {a1(ω), a2(ω), . . .} of Ran(Pω) and
an orthonormal basis {b1(ω), b2(ω), . . .} of Ran(Pω)⊥. Then by the projection theorem
the orthonormal basis for Ran(Pω) and the orthonormal basis for Ran(Pω)⊥ span
the entire space H and thus form an orthonormal basis for it. Since {bi(ω)} is in
Ran(Pω)⊥, we know that Pωbi(ω) = 0. Also, since {ai(ω)} is in Ran(Pω), we know
that Pωai(ω) = ai(ω). Thus, we get

trPω =
∑
〈ai(ω), Pωai(ω)〉+

∑
〈bi(ω), Pωbi(ω)〉 =

∑
〈ai(ω), ai(ω)〉 = dim Ran(Pω)

The last equality follows from the fact that {ai(ω)} is an orthonormal basis for
Ran(Pω).

Now let {ei,i∈ Z} be the standard orthonormal basis in l2(Z), i.e. ei(n) = δin.Note
that trPω =

∑
〈ei, Pωei〉is a random variable and is therefore measurable.

Recall that the projections Pω satisfy

PTiω = UiPωU
∗
i (5.7)

where Ui is a unitary operator defined as

(Uiu)(n) = u(n− i) (5.8)

and U∗i is its adjoint defined as

(U∗i u)(n) = u(n+ i) (5.9)

Using that fact, we can write

tr(PTjω) = tr(UjPωU
∗
j ) = tr(UjPωU

−1
j ) = tr(Pω)
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where for the last equality we used Lemma 2.1.11. Thus, we have shown that the
random variable tr(Pω) is invariant under Ti, and is therefore constant P-a.s. by
Theorem 2.1.5. Since we also showed that tr(Pω) = dim Ran(Pω), it follows that

dim Ran(Pω) = tr(Pω) (5.10)

is constant P-a.s. Hence P-a.s.:

trPω = E(trPω) = E

(
∞∑
i=1

〈ei, Pωei〉

)
=
∞∑
i=1

E(〈ei, Pωei〉)

≥
∑
|i|≤N

E(〈ei, Pωei〉) =
∑
|i|≤N

E(〈ei, U∗i PTiωUiei〉)

=
∑
|i|≤N

E(〈Uiei, PTiωUiei〉) (5.11)

=
∑
|i|≤N

E(〈e0, PTiωe0〉)

=
∑
|i|≤N

E(〈e0, Pωe0〉) = (2N + 1) E(〈e0, Pωe0〉) (5.12)

Since N was arbitrary, letting N → ∞ yields trPω = 0 if E(〈e0, Pωe0〉) = 0 or
trPω =∞ if E(〈e0, Pωe0〉) > 0.

An outline of this proof is given in [1]. Part of my contribution has been to provide
the details of the proof.

In the next chapter we present the functional calculus and the spectral theorem - two
very powerful results that are commonly used in various areas of mathematics.



Chapter 6

The Functional Calculus and the
Spectral Theorem

6.1 The Functional Calculus

The functional calculus allows us to define functions of self-adjoint operators, and
thus to give meaning to expressions such as f(A) where A is an operator. There are
different versions of the functional calculus, reaching different degrees of generality
regarding what the function f can be. The one that suffices for us is the continuous
functional calculus.

Definition 31. (Continuous Functional Calculus) Let A be a self-adjoint operator on
a Hilbert space H. Then there is a unique map φ : C(σ(A))→ L(H), φ 7→ φ(A) with
the following properties:

(i) φ is a homomorphism, i.e. φ(fg) = φ(f)φ(g), φ(λf) = λφ(f), φ(1) = I, φ(f̄) =
φ(f)∗

(ii) φ is continuous, i.e. ||φ(f)||L(H) ≤ C||f ||∞
(iii) Let f be the function f(x) = x; then φ(f) = A.

Moreover, φ has the following properties:
(iv) If Aψ = λψ, then φ(f)ψ = f(λ)ψ
(iv) (Spectral Mapping Theorem) σ[φ(f)] = {f(λ)

∣∣λ ∈ σ(A)}

Note that one should interpret φ(f) as defining a function of the operator A, i.e.
as f(A). Therefore, we sometimes write f(A) for φ(f). Thus, property (i) should be
interpreted as saying that

(αf + βg)(A) = αf(A) + βg(A)

f · g(A) = f(A)g(A)

f̄(A) = f(A)∗

Moreover, if f ≥ 0 then 〈φ, f(A)φ〉 ≥ 0 for all φ ∈ H. 〈φ, f(A)φ〉 is called a positive
linear functional. The definition of this concept is given below.

30
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Definition 32. Let V be a vector space over a field F. A linear functional on V is a
mapping T : V → F satisfying the following conditions:
1) For every x, y ∈ V , T (x+ y) = T (x) + T (y);
2) For every c ∈ F and x ∈ V we have T (cx) = cT (x).

Theorem 6.1.1. (Riesz Representation Theorem) Let X be a compact Hausdorff
space, and let C(X) denote the space of continuous real-valued functions on X. For
any positive linear functional φ on C(X) there is a unique measure µ on X with

φ(f) =

∫
X

f(x)dµ(x) (6.1)

The Riesz representation theorem allows one to construct a measure from any
positive linear functional. Thus, the Riesz representation theorem guarantees that
for each ϕ ∈ H there is a positive and bounded measure µϕ on σ(A) such that for all
f ∈ C(σ(A)),

〈ϕ, f(A)ϕ〉 =

∫
f(λ)dµϕ(λ). (6.2)

Definition 33. The measure µψ is called the spectral measure associated with the
vector ψ.

One can use the polarization identity to find complex-valued measures µφ,ψ for
φ, ψ ∈ H such that

〈φ, f(A)ψ〉 =

∫
σ(A)

f(λ)dµφ,ψ (6.3)

This equation can be used to define the operator f(A) for bounded measurable func-
tions. The properties of the functional calculus allow us to use the same rules that
apply to ordinary functions on the real line in order to perform calculations involving
a self-adjoint operator. In this exposition we are going to use property (iv), the spec-
tral mapping theorem, especially often. We can express it compactly in the following
more intuitive way:

σ
(
ϕ(A)) = ϕ

(
σ(A)

)
(6.4)

For any Borel set M ⊂ R we denote by χM the characteristic function of M , χM(λ),
where χM(λ) = 1 if λ ∈M , and is equal to 0 otherwise.
The operators µ(A) = χM(A) are very important and are called spectral projections.
One can easily check that they are projections. In particular, they satisfy the following
conditions

µ(A) is an orthogonal projection
µ(∅) = 0 and µ (σ(A)) = 1
µ(M ∩N) = µ(M)µ(N)

If the Borel sets Mn are pairwise disjoint, then for each φ ∈ H,

µ (∪∞n=1Mn)ϕ =
∞∑
n=1

µ(Mn)ϕ (6.5)
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µ(A) = χM(A) is called the projection-valued measure associated with the operator A
because it satisfies the above conditions which are analogous to those for a measure.
χM(A) is also called the projection valued spectral measure of A.

Definition 34. Let A be a bounded self-adjoint operator and Ω a Borel set of R.
The spectral projection PΩ of A is defined as χΩ(A) where χΩ(A) is the characteristic
function of σ(A) on the set Ω.

Taking the dimension of the spectral projection of a self-adjoint operator on an
interval ∆ is equivalent to counting the eigenvalues in that interval. This can be done
if the operator has discrete spectrum.

Definition 35. The discrete spectrum σdisc of an operator A consists of all λ ∈ σ(A)
such that P(λ−ε,λ+ε)(A) is finite-dimensional for some ε > 0, where P (A) denotes the
spectral projection of A.

Theorem 6.1.2. λ ∈ σdisc(A) if and only if both λ is an isolated point of σ(A) (i.e.
for some ε, (λ− ε, λ+ ε) ∩ σ(A) = {λ}, and λ is an eigenvalue of finite multiplicity.

In the next section, we introduce the spectral theorem which is also a very funda-
mental result. We also elaborate on the spectral calculus.

6.2 The Spectral Theorem

The spectral theorem is extremely important in various areas of mathematics and has
many alternative formulations. In a first linear algebra course it comes up as the fact
that every symmetric matrix can be diagonalized. The version that we are going to
use is a generalization to bounded self-adjoint operators. We state it below

Theorem 6.2.1. For any self-adjoint operator A : H → H with cyclic vector ψ,
there exists a measure µ on R and a unitary operator U : H → L2(R, dµ) such
that UAU−1 = M where M : L2(R, dµ) → L2(R, dµ) is multiplication by x, i.e.
Mf(x) = xf(x)

Definition 36. A spectral resolution is a mapping E : R→ L(H) with the following
properties:
(i) E(t) is an orthogonal projection for every t ∈ R.
(ii) E(s) ≤ E(t) for s ≤ t (monotonicity)
(iii) limε→0E(t+ ε)x = E(t)x for all t ∈ R, x ∈ H (right continuity)
(iv) limt→−∞E(t)x = 0 and limt→∞E(t)x = x for all x ∈ H.

One of the many equivalent versions of the spectral theorem says that every self-
adjoint operator H is of the form H =

∫∞
−∞ tdE(t) for some spectral resolution E.

In the proof of Pastur’s theorem, we are going to need the following result which
follows from the functional calculus.
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Lemma 6.2.2. Let A be a self-adjoint operator and U a unitary operator. Then for
any bounded measurable function f we have

f(UAU∗) = Uf(A)U∗ (6.6)

Also note that if µ and ν are projection valued measures for A and B = UAU∗

respectively, then we have∫
f(λ)dνφ,ψ(λ) = 〈φ, f(B)ψ〉 = 〈φ, Uf(A)U∗ψ〉 = 〈U∗φ, f(A)U∗ψ〉

=

∫
f(λ)dµU∗φ,U∗ψ(λ)

Thus, the measures µφ,ψ and νU∗φ,U∗ψ agree.



Chapter 7

The Spectrum of the Random
Schrödinger Operator

Now we have all the tools we need to give a complete proof of Pastur’s theorem about
the spectrum of the random Schrödinger operator.

7.1 Proving that the spectrum is deterministic

Theorem 7.1.1. Let Vω be an ergodic potential. Then

σ(Hω) is constant P− a.s.
σdisc(Hω) = ∅ P− a.s.

Proof. Let us denote the spectral projection of Hω by E∆(ω) where ∆ is an interval.
Note that the spectral projections satisfy the following identity

E∆(Tiω) = UiE∆(ω)U∗i (7.1)

where Ui is a unitary operator. This identity follows from the functional calculus,
which allows us to apply a function f to an operator. Recall that

HTiω = UiHωU
∗
i (7.2)

Applying the characteristic function χ∆ on both sides of this equation, we get

χ∆(HTiω) = χ∆(UiHωU
∗
i ) = χ∆(Ui)χ∆(Hω)χ∆(U∗i ) (7.3)

where χ∆(A) denotes the characteristic function of σ(A) on the set ∆. By definition,
χ∆ is a spectral projection. Thus, we can rewrite this as

E∆(Tiω) = UiE∆(ω)U∗i (7.4)

where the last equality follows from the functional calculus because χ∆(Ui) = P∆(Ui) =
Ui, and similarly for U∗i since Ui and U∗i are unitary operators.
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Note that Hn
ω is weakly measurable since products of bounded, weakly measurable

functions are weakly measurable. Therefore, {E∆(ω)}ω∈Ω is a weakly measurable
family of orthogonal projections, since they can be approximated by ω-independent
polynomials in Hω. Thus, {E∆(ω)}ω∈Ω satisfy the conditions of lemma 2.1.7, and
therefore,

dim Ran (E∆(ω)) = 0 P-a.s. or dim Ran (E∆(ω)) =∞ P-a.s. (7.5)

We also define a function η for any p, q ∈ Q:

η(p, q) = 0 if dim Ran
(
E(p,q)(ω)

)
= 0 P-a.s.

η(p, q) =∞ if dim Ran
(
E(p,q)(ω)

)
=∞ P-a.s.

(2.35) guarantees that η(p, q) is well-defined.
Define Ω(p,q) = {ω| dim Ran

(
E(p,q)(ω)

)
= η(p, q)}. From the definition of η we

can see that η(p, q) = dim Ran
(
E(p,q)(ω)

)
P-a.s. Therefore, P

(
Ω(p,q)

)
= 1 for any

p, q ∈ Q. Set Ω0 = ∩p,q∈QΩp,q. Since Q is countable, Ω0 is a countable intersection of
sets with probability 1. Therefore, P (Ω0) = 1 We claim that

Lemma 7.1.2. If ω1 and ω2 ∈ Ω0, then σ(Hω1) = σ(Hω2).

Proof. We give a proof by contrapositive. First, suppose that λ /∈ σ(Hω1). By the
definition of spectral projection, E(λ1,λ2) is a characteristic function on (λ1, λ2), taking
the value 1 if (λ1, λ2) contains a value in σ(Hω) and 0 if it doesn’t.

Then, since we assume λ /∈ σ(Hω), for all λ1, λ2 with λ1 < λ < λ2 sufficiently
close to λ,

E(λ1,λ2)(ω1) = 0⇒ dim RanE(λ1,λ2)(ω1) = 0 (7.6)

By assumption, ω1, ω2 ∈ Ω0. Therefore, ω1, ω2 ∈ ∩p,q∈QΩp,q, i.e. ω1, ω2 ∈ Ωp,q

for every p, q ∈ Q. Thus, for each pair (p, q) ∈ Q, dim RanE(p,q)(ω1) = η(p, q) and
dim RanE(p,q)(ω2) = η(p, q), so dim RanE(p,q)(ω1) = dim RanE(p,q)(ω2) for every pair
(p, q) ∈ Q. In particular, for λ1, λ2 ∈ Q sufficiently close to λ (λ1 < λ < λ2),
dim RanE(λ1,λ2)(ω1) = dim RanE(λ1,λ2)(ω2). Using (2.34), we get

dim RanE(λ1,λ2)(ω1) = dim RanE(λ1,λ2)(ω2) = 0 (7.7)

for λ1, λ2 sufficiently close to λ. It follows that

E(λ1,λ2)(ω2) = 0 (7.8)

Since by the definition of spectral projection, E(λ1,λ2) is the characteristic function of
σ(Hω) on the interval (λ1, λ2), it follows that λ /∈ σ(Hω2). Thus, we have shown that
if λ /∈ σ(Hω1), then λ /∈ σ(Hω2). Taking the contrapositive, we get that λ ∈ σ(Hω2)
implies λ ∈ σ(Hω1), i.e. σ(Hω2) ⊂ σ(Hω1). Interchanging ω1 and ω2, we similarly get
that σ(Hω1) ⊂ σ(Hω2). Thus, we have shown that σ(Hω1) = σ(Hω2).
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Since ω1 and ω2 are arbitrary elements of Ω0 which has probability 1, it follows
that

σ(Hω) is constant P− a.s.

This finishes the proof of the first part of Pastur’s theorem.

Now we prove that σdisc(A) is empty. Suppose that λ ∈ σdisc(Hω) for some ω ∈ Ω0.
Therefore, by theorem 2.1.13, λ is an eigenvalue of finite multiplicity. Then if we take
λ1 < λ < λ2 sufficiently close to λ, the dimension of the projection of Hω on the
interval (λ1, λ2) should equal the multiplicity of λ:

0 < dim RanE(λ1,λ2)(ω) <∞ (7.9)

But we showed that for ω ∈ Ω0, dim RanE(p,q)(ω) = 0 for every p, q ∈ Q. Therefore,
we must have dim RanE(λ1,λ2)(ω) = 0, which contradicts equation 2.37. This proves
that σdisc(Hω) = ∅.

Thus, we have proved

Theorem (Pastur) Let Vω be an ergodic potential. Then there exists a set Σ ⊂ R
such that σ(Hω) = Σ P− a.s. Moreover, σdis(Hω) = ∅ P− a.s.

Kunz and Souillard obtained with probability one, in various situations, the exact
location of the spectrum, and criteria for a given part in the spectrum to be pure
point, absolutely continuous, or singularly-continuous. We would also like to study
and give a detailed proof of this result. Thus, in the next section we are going to look
at the spectral decomposition of the random Schrödinger operator.

7.2 Decomposing the Spectrum

Consider the spectral measure µh corresponding to an element h ∈ H, and defined on
σ(T ). Suppose µ is a Borel measure on R. Lebesgue’s decomposition theorem says
that this measure can be decomposed into several distinct measures:

Theorem 7.2.1. (Lebesgue Decomposition Theorem) Let µ be a measure on R. Then
µ can be uniquely written as µ = µac + µsing + µpp, i.e. µ can be decomposed as a
sum of a measure which is absolutely continuous w.r.t Lebesgue, a measure which is
singular w.r.t Lebesgue, and a pure point measure.

Definition 37. A Borel measure µ on R is called continuous if it has no pure points.
µ is called a pure point measure if µ(X) =

∑
x∈X µ(x) for any Borel set X.

Definition 38. A measure µ is said to be absolutely continuous with respect to a
measure λ, denoted as µ� λ, if µ(S) = 0 for all events (i.e. for all sets) S such that
λ(S) = 0.
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Definition 39. A measure µ is absolutely continuous with respect to Lebesgue measure
if there exists an L1 function f so that∫

gdµ =

∫
gfdx (7.10)

for any Borel function g ∈ L1(R, dµ). Then we can write dµ = fdx.

Definition 40. A measure µ is singular relative to Lebesgue measure if and only if
µ(S) = 0 for some set S such that µ(R\S) = 0.

Since the three measures are mutually singular, we can write

L2(R, dµ) = L2(R, dµpp)
⊕

L2(R, dµac)
⊕

L2(R, dµsing) (7.11)

It can be shown that any ψ ∈ L2(R, dµ) has an absolutely continuous spectral measure
dµψ if and only if ψ ∈ L2(R, dµac). The analogous result holds for pure point and
singular measures.

µac, µsing, and µpp are invariant under linear operations.

Theorem 7.2.2. If µ is absolutely continuous then f(λ)µ is also absolutely continu-
ous.

Proof. Since µ is absolutely continuous w.r.t. the Lebesgue measure λ, we know that
if there exists a set S with λ(S) = 0, then we also have that µ(S) = 0.

f(λ)µ(S) =

∫
σ(T )

χS(λ)d (f(λ)µ) =

∫
σ(T )

χS(λ) · f(λ)dµ =

∫
S

f(λ)dµ = 0.

Since S has Lebesgue measure 0, the integral above equals 0.

LetHac be the subspace of the Hilbert space H consisting of vectors whose spectral
measures are absolutely continuous with respect to Lebesgue measure. DefineHsc and
Hpp in the same way. Then we have the following theorem

Theorem 7.2.3. H = Hac

⊕
Hsc

⊕
Hpp where Hac = {ψ|µψ is absolutely continuous,

Hsing = {ψ|µψ is singularly-continuous}, and Hpp = {ψ|µψ is pure point.}

Theorem 7.2.4. The subspaces Hac,Hpp, and Hsing are invariant under A where A
is a self-adjoint operator.

Proof. Let h ∈ Hac, and let k = Th. Let χ be the characteristic function so that

〈k, χ(T )k〉 =

∫
σ(T )

χ(λ)dµk(λ) (7.12)

We can use the functional calculus to show that the above expression equals∫
σ(T )

χ(λ)λ2dµh(λ) (7.13)
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so that λ2dµh = dµk. This would imply that µk is also absolutely continuous, and
thus that k ∈ Hac. This would give us the desired result that Hac is invariant under
A where A is a self-adjoint operator.〈

k, χ(T )k
〉

=
〈
Th, χ(T ) · Th

〉
=
〈
h, Tχ(T ) · Th

〉
=
〈
h, Id(T ) · χB(T ) · Id(T )h

〉
=
〈
h, (Id · χB · Id)(T )h

〉
=

∫
σ(T )

p(λ)dµh(λ)

where p(λ) = λ2 if λ ∈ B, and 0 otherwise, and Id(T ) is the identity function.

The spectrum of a self-adjoint operator can be decomposed into several com-
ponents. We introduce a family of projection operators uniquely associated to the
self-adjoint operator Hω.

Define Eac
∆ (ω) := E∆(ω)Pac(ω) where Pac(ω) is the projector onto the continuous

subspace w.r.t Hω. Similarly, define Esc
∆ (ω) := E∆(ω)Psc(ω) and Epp

∆ (ω).

Definition 41. The spectrum of an operator H restricted to Hac is called the abso-
lutely continuous spectrum of H, σac(H).

Definition 42. The spectrum of an operator H restricted to Hsc is called the singular
spectrum of H, σsc(H).

Definition 43. The set of eigenvalues of H is called the pure point spectrum of H,
σpp(H).

Now we have everything we need in order to be able to prove a result analogous
to Pastur’s theorem regarding the components of the spectrum of Hω.

Theorem 7.2.5. (Kunz-Souillard). Let Vω be an ergodic potential. Then there exist
sets Σac,Σsc,Σpp ⊂ R such that

σac(Hω) = Σac P− a.s.
σsc(Hω) = Σsc P− a.s.
σpp(Hω) = Σpp P− a.s.
This theorem says that for P-almost all ω, the absolutely continuous spectrum,

the singular spectrum, and the pure point spectrum of Hω are nonrandom sets.

Proof. If we show that the projections Eac
∆ , E

sc
∆ , and Epp

∆ are weakly measurable,
we can just apply the proof of Pastur’s theorem 3 times with E∆(ω) replaced by
Eac

∆ (ω), Esc
∆ (ω), and Epp

∆ (ω). We can do that because each of the spectral projections
would satisfy the conditions of lemma 5.1.6. This would complete the proof Kunz-
Souillard’s theorem. Verifying the weak measurability of these spectral projections
requires the RAGE theorem. We omit this part of the proof and refer the reader to
[1] for the details.
For the remainder of this proof we assume the fact that the spectral projections are
weakly measurable. Define

T1 = Hω

∣∣Hac : Hac → Hac

T2 = Hω

∣∣Hsc : Hsc → Hsc

T3 = Hω

∣∣Hpp : Hpp → Hpp
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By definition, σ(T1) = σac(Hω), σ(T2) = σsc(Hω), σ(T3) = σpp(Hω)
Then we can apply Pastur’s theorem using each of Eac

∆ , E
sc
∆ , E

pp
∆ to obtain the results

σ(T1) = σac(Hω) = Σac (7.14)

σ(T2) = σsc(Hω) = Σsc (7.15)

σ(T3) = σpp(Hω) = Σpp (7.16)

with probability 1 for some fixed non-random sets Σac, Σsc,Σpp. This completes the
proof of Kunz-Souillard’s theorem.

In the next chapter we briefly discuss the density of states which is an important
concept for disordered systems.



Chapter 8

The Density of States

The density of states is a very concept in statistical and condensed matter physics.
Intuitively, it measures the number of available states at each energy level. Recall
that we defined the finite cube ΛL in equation (2.12). Let χΛ denote the characteristic
function of the set Λ, i.e. χΛ(x) = 1 if x ∈ Λ and χΛ(x) = 0 otherwise. For any
bounded measurable function φ on R we define

ξL(φ) :=
1

|ΛL|
tr (χΛL

φ(Hω)χΛL
) (8.1)

Note that this equals

1

|ΛL|
tr
(
φ(Hω)χ2

ΛL

)
=

1

ΛL

tr (φ(Hω)χΛL
) (8.2)

where we used commutativity of the trace (tr(AB) = tr(BA)) and the fact that
χ2

ΛL
= χΛL

. Clearly, φ → ξL(φ) is a positive linear functional on the bounded
continuous functions because of the linearity of the trace operator.
The functional calculus we introduced earlier allows us to define φ(Hω). The Riesz
representation theorem (6.1.1) tells us that there exists a unique measure νL such
that

ξL(φ) =

∫
R
φ(λ)dνL(λ) (8.3)

Theorem 8.0.6. If φ is a bounded measurable function, then for P-almost all ω,

lim
L→∞

1

|ΛL|
tr (φ(Hω)χΛL

) = E (〈δ0, φ(Hω)δ0〉) . (8.4)

Proof. Let {δi}∞i=1 be an orthonormal basis. Then by definition (30), we have

1

|ΛL|
tr (φ(Hω)χΛL

) =
1

|ΛL|

∞∑
i=0

〈δi, φ(Hω)χΛL
δi〉 =

1

(2L+ 1)

∞∑
i∈ΛL

〈δi, φ(Hω)δi〉

To prove this claim, we take the limit as L → ∞ and then use the mean ergodic
theorem (2.2.3). However, first we need to verify that the random variables Xi(ω) :=
〈δi, φ(Hω)δi〉 form a stochastic ergodic process as defined in (6).

40
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Lemma 8.0.7. The sequence {Xi(ω)} := {〈δi, φ(Hω)δi〉} is a stochastic ergodic pro-
cess.

Proof.

Xi(Tjω) = 〈δi, φ(HTjω)δi〉
= 〈δi, Ujφ(Hω)U∗j δi〉
= 〈U∗j δi, φ(Hω)U∗j δi〉
= 〈δi−j, φ(Hω)δi−j〉
= Xi−j(ω)

where we used the fact that U∗j δi(n) = δi(n+ j) = δi−j(n).

Applying the mean ergodic theorem (2.2.3), we get

lim
L→∞

1

(2L+ 1)

∑
i∈ΛL

〈δi, φ(Hω)δi〉 = E (〈δ0, φ(Hω)δ0〉) . (8.5)

This finishes the proof. This result and its proof are given in [7].

Notice that E (〈δ0, φ(Hω)δ0〉) is a positive linear functional. Therefore, by the
Riesz representation theorem there exists a unique positive measure ν defined by∫

ϕ(λ)dν(λ) = E (〈δ0, ϕ(Hω)δ0〉) . (8.6)

Definition 44. The measure ν defined by

ν(A) = E (〈δ0, χA(Hω)δ0〉) (8.7)

is called the density of states measure.

The distribution function F of ν, F (E) = ν((−∞, E]), is called the integrated
density of states.

Since ν(R) = 1, ν is a probability measure. We can show that the sequence
of measures {νL} → ν as L → ∞ in the vague sense for P-almost all ω. Vague
convergence is defined below.

Definition 45. (Vague convergence) A series νn of Borel measures on R converges
vaguely to a Borel measure ν if

lim
n→∞

∫
φ(x)dνn(x) =

∫
φ(x)dν(x) (8.8)

for all functions φ ∈ C0(R) where C0(R) is the set of continuous functions with compact
support.

The following claim and its proof can be found in [7].
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Theorem 8.0.8. The measures {νL} converge vaguely to the measure ν P-almost
surely, i.e. there is a set Ω0 of probability one such that

lim
L→∞

∫
ϕ(λ)dνL(λ) =

∫
ϕ(λ)dν(λ) (8.9)

for all ϕ ∈ C0(R) and all ω ∈ Ω0.

Proof. Equations (8.1), (8.2), and (8.3) and theorem (8.0.6) imply that

lim
L→∞

∫
ϕ(λ)dνL(λ) = E(〈δ0, ϕ(Hω)δ0〉). (8.10)

But equation (8.6) implies

lim
L→∞

∫
ϕ(λ)dνL(λ) =

∫
ϕ(λ)dν(x) (8.11)

Thus, by theorem (8.0.6) we have established the claim for a fixed ϕ for P-almost
all ω. Thus, the claim holds true on a set Ωϕ of probability one if ϕ is fixed. We
need to prove that it holds for all functions ϕ ∈ C0(R). Note that the claim holds
for all φ for ω ∈ ∩ϕΩϕ where P(Ωϕ) = 1 for each ϕ. However, this is an uncountable
intersection of sets with probability one, and it is not clear whether P(∩ϕΩϕ) = 1.
Since by definition C0(R) is the set of continuous functions with compact support, it
must contain a dense set D. Let us define

Ω0 := ∩ϕ∈DΩϕ.∞ (8.12)

Ω0 is a countable intersection of sets with probability one, so P(Ω0) = 1. Thus, we
have established the claim for ω ∈ Ω0 for all ϕ ∈ D. It remains to establish the claim
for C0(R)\D. Since D is dense, every ϕ ∈ C0(R) is the uniform limit of a sequence
{ϕn} ∈ D. Thus, if ϕ ∈ C0(R), there exists a sequence {ϕn} ∈ D such that ϕn → ϕ
uniformly. Then, by the triangle inequality,∣∣ ∫ ϕ(λ)dν(λ)−

∫
ϕ(λ)dνL(λ)

∣∣
≤
∣∣ ∫ ϕ(λ)dν(λ)−

∫
ϕn(λ)dν(λ)

∣∣+
∣∣ ∫ ϕn(λ)dν(λ)−

∫
ϕn(λ)dνL(λ)

∣∣+∣∣ ∫ ϕn(λ)dνL(λ)−
∫
ϕ(λ)dνL(λ)

∣∣ ≤ ‖ϕ− ϕn‖∞ · ∫
R
dν+

|
∫
ϕn(λ)dν(λ)−

∫
ϕn(λ)dνL(λ)

∣∣+ ‖ϕ− ϕn‖∞ ·
∫

R
dνL = ‖ϕ− ϕn‖∞ · ν(R)+

|
∫
ϕn(λ)dν(λ)−

∫
ϕn(λ)dνL(λ)

∣∣+ ‖ϕ− ϕn‖∞ · νL(R)

Note that νL(R) and ν(R) are equal to 1 because they are probability measures. Since
the claim holds for all ϕ ∈ D and since {ϕn} ∈ D, we know that

lim
L→∞

∫
ϕn(λ)dνL(λ) =

∫
ϕn(λ)dν(λ) (8.13)
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Therefore, there exists N1 such that when L > N ,∣∣ ∫ ϕn(λ)dν(λ)−
∫
ϕn(λ)dνL(λ)

∣∣ < ε

3
(8.14)

Since ϕn → ϕ uniformly, we can also find N2 such that when n > N2, ‖ϕ−ϕn‖∞ < ε
3
.

Therefore, ∣∣ ∫ ϕ(λ)dν(λ)−
∫
ϕ(λ)dνL(λ)

∣∣ < ε

3
+
ε

3
+
ε

3
= ε (8.15)

This completes the proof.



Chapter 9

Further Work

In this thesis we have started exploring the connection between ergodicity and the
spectral properties of the random Schrödinger operator. We have introduced many
of the relevant tools from ergodic theory and functional analysis, and have seen how
and where they are applied in proving important results about the spectrum of the
random Schrödinger operator. Much more can be done to achieve a more complete
understanding of the connection between ergodicity and the spectral properties of
this operator. For example, it would be helpful to consider other properties of this
operator that hold with probability 1, and to think about exactly where ergodicity is
necessary in order to be able to prove the desired results.

44
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